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Content of the presentation

DACE notebooks: key steps
Main advantage over the graphical interface: the correlated noise
handling.

1. Base models: including offsets, trends, stellar activity
2. Gaussian noise representation: parameter choices and computational

aspects
3. Periodograms: using correlated noise models

Other resources
Residuals analysis, `1-periodogram, PlanetPack, stacked periodograms,
AGATHA, Kima, ExoFAST
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Downloading the notebook I

Go to https://github.com/bjfultn/sagan-2020
Green code icon to download, or for the repository.
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Downloading the notebook II

The DACE tutorial is in tutorials/DACE

Open dace_tutorial.ipynb with Jupyter
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DACE notebooks central class: rvModel

Central class: contains the input data, the base model, noise models,
Keplerian planets etc.
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Radial velocity models
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Noise models

Radial velocity data y modelled with:

y︸︷︷︸
data

= f︸︷︷︸
model

( θ︸︷︷︸
model

parameters

) + ε︸︷︷︸
noise

(1)

ε ∼ d︸︷︷︸
noise

distribution

( η︸︷︷︸
noise

parameters

) (2)

In almost all analyses, d is assumed to be a Gaussian distribution of
mean 0 and covariance V (η)
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Priors and likelihood

We define
I The likelihood: p(y |θ). It reads “probability density of y knowing θ”
I The prior distribution: p(θ)

I The posterior distribution: p(θ|y)

How to update your information on θ with prior information p(θ) once
data y is available, assuming a form for p(y |θ). The Bayes formula:

p(θ|y)︸ ︷︷ ︸
posterior

=

likelihood︷ ︸︸ ︷
p(y |θ)

prior︷︸︸︷
p(θ)

p(y)︸︷︷︸
normalization

(3)

p(y) =

∫
p(y |θ)p(θ) dθ (4)

8 / 39



References

In the case of RV analysis
Likelihood

y = f (θ) + ε (5)
ε ∼ G (0,V (η)) (6)

p(y |θ) =
1√

(2π)N |V |
e−

1
2 (y−f (θ))TV−1(y−f (θ)) (7)

Exponent T denotes matrix transposition.

Priors
Usually it is assumed that p(K , e,P,M0, ω) = p(K )p(e)p(P)p(M0)p(ω)

I Prior on K and P : log-uniform
I Prior on e: Beta distribution (Kipping, 2014) or uniform
I Prior on M0 and ω : uniform on [0, 2π]
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Noise models
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Noise models
What about V (η) in

p(y |θ,η) =
1√

(2π)N |V (η)|
e−

1
2 (y−f (θ))TV−1(η)(y−f (θ))? (8)

The noise is assumed to be stationary: the correlation matrix V (η) is
defined by

V (η)ij = c(|ti − tj |,η) (9)

where i and j represent the row and column indices.

Computing a matrix inverse and determinants is computationally costly .
In the general case the cost is in O(N3), where N is the number of
observations.
For estimating evidences and uncertainties and computing error bars on
the orbital parameters, you need to compute the covariance matrix
inverse and determinant many times.
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Covariance kernel

One of the most classic
form is

c(∆t, σJ ,η) = δij(σ
2
i + σ2

J )+

η2
1 exp

−∆t2

2η2
2
−

2 sin2
(
π∆t
η3

)
η2
4

 .

as defined in Haywood
et al. (2014). σi is the
nominal uncertainty on
measurement i , σJ is a free
additional error term,
δij = 1 if i = j , 0
otherwise.
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The CELERITE model
An alternative form is given in Foreman-Mackey et al. (2017), called the
CELERITE model.

Vi,j = σ2
i δi,j +

∑
s<nc

(as cos(νs∆ti,j) + bs sin(νs∆ti,j)) e−λs∆ti,j . (10)

Simple quasi-periodic kernel

Vi,j =
σ2
QP

2

(
1 + cos

2π
P?

∆t

)
(11)
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Covariance matrices of that form have a mathematical, they are
“semi-separable” → inversion is much faster: in O(N)

Code available at https://github.com/dfm/celerite/issues/48
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Noise models III: The S-LEAF model
Delisle et al. (2020) generalises the CELERITE model to covariance
matrices that can be written as a sum of a semi-separable matrix and a
so-called leaf matrix.

A leaf matrix is zero everywhere except close to the diagonal, like this:

inversion is still faster: in O(bN), where b is the average number of
non-zero diagonal terms. Allows to model for instance calibration noise.

Code available at
https://gitlab.unige.ch/Jean-Baptiste.Delisle/spleaf

14 / 39

https://gitlab.unige.ch/Jean-Baptiste.Delisle/spleaf


References

Noise models IV: In practice
Covariance matrix defined by:

Vi,j = (σ2
i + σJ(i)2)δi,j + σ2

Cci,j +

ne∑
k=1

σ2
e,ke
−λk |ti−tj | (12)

+

nqp∑
s=1

(as cos(νs |ti − tj |) + bs sin(νs |ti − tj |)) e−λs |ti−tj |. (13)

Warning: nu_qper is in radian per time unit: = 2π/[units of the time stamps
= first argument of rv_model]
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Linear base models
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Base model I

y︸︷︷︸
data

= f︸︷︷︸
model

( θ︸︷︷︸
model

parameters

) + ε︸︷︷︸
noise

(14)

ε ∼ d︸︷︷︸
noise

distribution

( η︸︷︷︸
noise

parameters

) (15)

Model
In the case of RV (with negligible planet-planet interactions), for k planets

f (θ) =
k∑

i=1

Kep(t, ei ,Ki ,Pi , ωi ,M
i
0) + g(β) (16)

where "Kep" is a Keplerian function (See Jason Wright’s talk). We here focus
on how to define g(β) in the case where it is linear. It can be written of the
form, where φH is a matrix: g(β) = φHβ
————————————————————————————————

Syntax: rv_model.addlin(matrix_column, name of thee variable )
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Base model II: offsets and trend

Offsets
You want to adjust the value of the “zero velocity point” of different
instruments. Suppose you have data from three instruments j = 1, 2, 3 ,
so that in total you have N observations at times ti , i = 1..N. Then
define φH as a N × 3 matrix where Mij = 1 if measurement i is taken by
instrument j and 0 otherwise

Trends
Once you have defined offsets, if you want to add a polynomial trend of
degree d to your data, add columns to φH of the form φH i,·t

j
i for j = 1..d .
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Base models III: Activity models
Suppose you have a variability in the S-index or logR ′HK (Noyes, 1984), that
you want to use to model the activity.

You can smooth it: simple smoothing with a moving kernel (as in DACE) of a
Gaussian or smoothing with a Gaussian process (and other operations such as
differentiating Haywood et al. (2014) for instance). Very similar in practice (see
a discussion in Rasmussen and Williams (2005) chapter 6).

You can use the raw, smoothed, or even more processed as a linear predictor (a
column of matrix M).
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Periodogram definition
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Periodograms I
we use the framework of Delilse, Hara, Ségransan 2020, generalizing
Baluev 2008, MNRAS
The base model is

H(x) : y = φHx + ε (17)

where ε is a Gaussian noise of covariance matrix V and φH is a fixed
N × p matrix. The alternative model is

Kω(x ,A,B) : y = φHx + A cosωt + B sinωt + ε (18)

= [φH , cosωt, sinωt]

 x
A
B

+ ε (19)

= φK (ω)x ′ + ε (20)

Where φK (ω) = [φH , cosωt, sinωt], x ′ =

 x
A
B


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Periodograms II

One can compare the likelihoods of H and Kω maximized over their
parameters (x and x ′). The models H and Kω are linear, and the noise is
fixed and Gaussian. This means that maximising the likelihood is
equivalent to minimising the χ2 of the residuals

Denoting by xi the least square solution of the minimisation
argminx(y − Φix)TV−1(y − Φix) for i = H or i = Kω

χ2
i = (y − Φixi )

TV−1(y − Φixi ) (21)

We use the definition of the periodogram
P(ω) =

χ2
H−χ

2
Kω

χ2
H

where χ2
M is the χ2 of the residuals after fitting model M.
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Periodogram III
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Periodogram III
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MCMC
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MCMC
Launch a Monte-Carlo markov chain to estimate the uncertainties.The
MCMC does the computation automatically on the model

Algorithm: adaptive metropolis from Delisle et al. (2018), based
on Haario et al. (2001).
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Other tools
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Looking at the residuals

If the model you select is reasonable, the residuals should be well
behaved.
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See Hara et al. (2019, 2020) and Baluev (2013) for details.
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`1 periodogram
Search for several sinusoidal components at the same time. Based on
sparse recovery techniques (fast).
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See Hara et al. (2017, 2020) for details, code + tutorial available
https://github.com/nathanchara/l1periodogram, similar

philosophy as DACE codes.
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PlanetPack

From Baluev (2018). Keplerian
periodograms, general non linear
periodograms, joint fit of photometric
and RV data.

Code (in C++) available at
https://sourceforge.net/
projects/planetpack/

From Baluev (2015)
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Stacked periodograms
Compute the periodograms adding one point at a time. The power of
planetary signals increases steadily

See Mortier and Collier Cameron (2017). Idea already proposed
by Schuster (1898)!
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AGATHA

Periodogram marginalized on nuisance parameters (as opposed to
maximised).

See Feng et al. (2017)
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Kima

Sampling the posterior distribution of orbital elements with a nested
sampling algorithm (Skilling, 2006),
Kima (Faria et al., 2018) allows to compute evidences, defined as:

p(y |k planets) =

∫
p(y |θ, k planets)p(θ|k planets) dθ (22)

Code at https://github.com/j-faria/kima/wiki
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ExoFAST
Modelling RV data, and/or photometric light curves, with any
combination of wavelengths
Code available at https://github.com/jdeast/EXOFASTv2
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