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Order-of-Magnitude
Feasibility

• Roughly, Kepler is sensitive to ~1R⊕ planets

• ⇒Kepler is sensitive to ~1R⊕ moons

• We may be able to detect Earth-sized/mass moons
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Large Exomoons
• Largest known moon is Ganymede

• R=0.413 R⊕; M=0.025 M⊕

• Not Earth-sized or mass => likely undetectable
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Large Regular Moons?

• Two classes of satellites: Regular & Irregular

• Regular satellites form in orbit of host planet

• Examples: Galilean satellites, Titan

• Canup & Ward (2004) argue this process 
limits ∑mi≲(2∗10-4)MP

• Bad news for large moons
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Large Irregular Moons?

• Two classes of satellites: Regular & Irregular

• Irregular satellites come from elsewhere

• Examples: Triton, the Moon

• No obvious limit. We only require dynamical 
stability.

• Good news for large moons?
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Large Stable Moons

• Moon must 
be within 
the Hill 
sphere

• Moon tends 
to spin-in/
out due to 
tides
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✓Motivation to look for exomoons

Tuesday, July 17, 2012



Checklist

✓Motivation to look for exomoons

✓Feasible existence of large (detectable) moons
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Checklist

✓Motivation to look for exomoons

✓Feasible existence of large (detectable) moons

? Viable method to detect such moons
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II. Theory
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Transits

• The remainder of this talk will focus on the 
transit method.

• This is not the only method to detect 
exomoons.

• Notably, microlensing is a highly viable 
method.

• Astrometry, radial velocity, direct imaging, 
eclipse timing, pulsar timing are less viable.
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Observational Consequences

1. Dynamical effects (gives MS)

2. Eclipse effects (gives RS)
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Transit timing variations (TTV)
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Transit timing variations (TTV)
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dt
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dfP
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∣
∣
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fP =π/2−ωP

=

[

aP
1 − e2

P

(1 + eP cos fP )2
[eP sin ωP + sin(fP + ωP )]

2π

PP

(1 + eP cos fP )2

(1 − e2
P )3/2

]

fP =π/2−ωP

=
2πaP

PP

1 + eP sin ωP

(1 − e2
P )1/2

(6.42)

The final TTV equation is therefore:

TTV(fS) "

[

aS

√

1 − e2
P (1 − e2

S)MSPP

2πaP MP (1 + eP sin ωP )

]

ΛTTV(fS) (6.43)

ΛTTV(fS) =

[

cos#S cos(fS + ωS) − sin iS sin#S sin(fS + ωS)

1 + eS cos fS

]

(6.44)

The TTV effect is therefore a function of the true anomaly of the satellite, as expected. In general,

the satellite will take a different true anomaly every time one measures a transit. Therefore, one can

obtain the RMS amplitude of the TTV effect using Equation (6.22). Integrating this equation, I obtain:

δTTV =
aSMSPP

aP MP

(1 − e2
S)

√

1 − e2
P

(1 + eP sin ωP )

√

ΦTTV

2π
(6.45)

ΦTTV =
2π

(1 − e2
S)2[1 +

√

1 − e2
S ]

[

cos2 ωS

(

sin2 iS sin2 #S(1 − e2
S)3/2 + cos2 #S

(

1 + e2
S [

√

1 − e2
S − 1]

)
)

+ sin2 ωS

(

sin2 iS sin2 #S

(

1 + e2
S[

√

1 − e2
S − 1]

)

+ (1 − e2
S)3/2 cos2 #S

)

+
1

2
sin iS sin 2ωS sin 2#S

(

e2
S[1 − 2

√

1 − e2
S ] +

√

1 − e2
S − 1

)]

(6.46)

6.3.7 Properties of the TTV RMS Amplitude

In the limit of circular and co-aligned orbits, as was considered by Sartoretti and Schneider (1999),

ΦTTV → π and thus the RMS amplitude agrees with that found by the original paper. However,

the advantages of this much more general expression for the TTV waveform and RMS amplitude are

manifold. In Figure 6.2, I show the dependency of
√

ΦTTV/π, which is essentially the scaling factor for

the TTV amplitude, in the case of a circular lunar orbit. In this case, a very simple expression for ΦTTV

is possible:

lim
eS→0

ΦTTV = π
(

1 − cos2 iS sin2 #S

)

(6.47)

Equation (6.47) and Figure 6.2 reveal that exomoons possessing |iS − π/2| > 0 or #S > 0 only act

to decrease the TTV amplitude and are thus less favourable for detection.
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ΦTTV → π and thus the RMS amplitude agrees with that found by the original paper. However,

the advantages of this much more general expression for the TTV waveform and RMS amplitude are

manifold. In Figure 6.2, I show the dependency of
√

ΦTTV/π, which is essentially the scaling factor for
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to decrease the TTV amplitude and are thus less favourable for detection.
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Undersampling
• TTV~ aSMS and usually one gets as by measuring PS and using 

Kepler’s Third Law.

• But, PS≺PP and usually PS≪PP

• We only measure a TTV once per PP ⇒heavy undersampling

! Planetary in-fall (Hellier et al., 2009a)

! The Applegate effect (Watson and Marsh, 2010)

! Stellar binarity (Montalto, 2010)

With so many effects potentially responsible for TTV, the detection of TTVs no longer seemed viable

as an unambiguous detection tool for exomoons. This can be summarized by the desideratum for some

kind of unique signature of the exomoon’s timing deviations, which would distinguish it from the other

effects.

Problem 2 - Undersampling

The second major problem with the TTV due to an exomoon is undersampling. I begin this discussion

by considering the Hill radius. RHill represents the maximum possible stable orbital distance of an

exomoon away from its host planet. As discussed earlier in §2.2.3, the true limit is actually less than

RHill (Domingos et al., 2006). Let us therefore denote the semi-major axis of the satellite around the

planet as some fraction, D, of the Hill radius, as was done in Equation (6.3):

aSP = DaP

( MP

3M∗

)1/3
(6.4)

Now I use Kepler’s Third Law to replace the distances with orbital periods:

G1/3(MP + MS)1/3
(PS

2π

)2/3
= DG1/3(M∗ + MP + MS)1/3

(PP

2π

)2/3( MP

3M∗

)1/3
(6.5)

Now I assume M∗ ! MP ! MS , giving:

PS = PP D3/2
(1

3

)1/2
(6.6)

Equation (6.6) is very powerful, constraining a satellite’s orbital period purely in terms of D and PP .

I have been unable to find this expression in the previous literature and believe it may be a novel result,

first pointed out in Kipping (2009a). Since D < 1 for all bounded moons, then PS < 0.57735PP .

The sampling rate of the exomoon TTV signal is once every transit i.e. PP . In order to avoid

aliasing, one is required to sample the signal at above the Nyquist rate i.e. 2/PS = 3.46/PP . However,

it is physically impossible to sample the signal 3.46 times per PP , the best one can ever do is once2

per PP . Therefore, the observed TTVs caused by an exomoon will always be undersampled, in most

cases heavily so. As a result, a Fourier periodogram of the TTVs would reveal a rich forest of possible

harmonic frequencies with no way of distinguishing which signal is the correct one.

2Hypothetically, one could actually sample the signal twice per PP using the occultation, but the error on this timing

would be much higher. In any case, even sampling of twice per PP would still cause aliasing.
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PROBLEM 1:
⇒Cannot measure PS!

⇒Cannot measure MS!
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Also...

PROBLEM 2:
How do you tell the difference between an 
exomoon TTV and a second planet TTV?
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Velocity-induced transit duration 
variations (TDV-V)
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Where the first term on the RHS is already known. The second term is:

d∆XP

dt
=

d∆XP

dfS

dfS

dt

=
2πaS

√

1 − e2
SPS

[

cos"S [eS sin ωS + sin(fS + ωS)] + sin iS sin"S [eS cosωS + cos(fS + ωS)]

]

(6.59)

Note, that since XPB has no dependency on fP , then evaluating the above at the instant of inferior

conjunction does not actually change the equation at all. One may now bring assumption α7 into play:

d∆XP

dt
"

dXB

dt

∣
∣
∣
fP =π/2−ωP

(6.60)

With this approximation, a first-order expansion of the TDV-V waveform is given by:

TDV − V = −
d(XP −XB)

dt

dXB
dt

∣
∣
∣
fP =π/2−ωP

T̃B (6.61)

= T̃B

(

aSMSPP

aP MP PS

)( √

1 − e2
P

√

1 − e2
S(1 + eP sin ωP )

)

ΛTDV−V(fS) (6.62)

ΛTDV−V(fS) = cos"S [eS sinωS + sin(fS + ωS)] + sin iS sin "S [eS cosωS + cos(fS + ωS)] (6.63)

Integrating over fS, as was done for Equation (6.46), one obtains the RMS TDV-V amplitude:

δTDV−V =

√

1

2π

∫ 2π

fS=0
[TDV − V(fS)]2 dfS

δTDV−V = T̃B

(

aSMSPP

aP MP PS

)( √

1 − e2
P

√

1 − e2
S(1 + eP sin ωP )

)√

ΦTDV−V

2π
(6.64)

ΦTDV−V =
π

8

[

− 2e2
S cos 2ωS [1 + 3 cos 2"S]

+ (1 + e2
S)[6 + cos 2(iS − "S) + 2 cos 2"S + cos 2(iS + "S)]

− 2 cos 2iS [1 + e2
S + 2e2

S cos 2ωS sin2 "S)] + 8e2
S sin iS sin 2ωS sin 2"S

]

(6.65)

As with ΦTTV, ΦTDV−V → π for circular, co-aligned orbits. As was provided for the TTV effect, it

is useful to write the TDV-V amplitude in astrophysical units:

δTDV−V =
(

13.4 s
)
(

1

D

)1/2(

T̃B

10 hrs

)(

MS

M⊕

)(

MJ

MP

)2/3(

M#

M∗

)1/3( √

1 − e2
P

√

1 − e2
S(1 + eP sin ωP )

)√

ΦTDV−V

2π

(6.66)
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TDV-V~ aSMS/PS

TDV-V~ aS-1/2MS
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TDV-V~ aSMS/PS

TDV-V~ aS-1/2MS
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radial velocity
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TDV-V~ aSMS/PS

TDV-V~ aS-1/2MSTTV~ aSMS

6.5 TTV & TDV-V as Complementary Methods

6.5.1 Mass and Period Determination

I here define η as the ratio of the TDV to the TTV RMS amplitudes. Each of these amplitudes are

derivable through searches for excess variance and so η is readily measureable.

η =
δTDV

δTTV

=
T̃B

PS

1

(1 − e2
S)3/2

√

ΦTDV−V

ΦTTV
(6.69)

If one makes the reasonable approximation that eS " 1, which is expected for dynamically stable

exomoons (Domingos et al., 2006), then one may make use of the fact:

lim
eS→0

ΦTTV = lim
eS→0

ΦTDV−V = π
(

1 − cos2 iS sin2 $S

)

(6.70)

Therefore, for eS " 1, Equation (6.69) becomes:

lim
eS→0

η =
T̃B

PS
(6.71)

The elegant Equation (6.71) shows that the measurement of a TTV and TDV amplitude due to an

exomoon allows one to directly determine PS . Armed with PS and Kepler’s Third Law, one may use

either δTTV or δTDV−V to obtain MS as well.

A further possibility to use the derived period to look for the closest harmonic frequency in the

periodogram which would further constrain PS and consequently MS . Alternatively, one could use

the harmonic period to estimate
√

(1 − e2
S)−3ΦTDV−V/ΦTTV, which essentially characterizes how non-

circular and non-coplanar the moon is.

Therefore, combining TTV and TDV together allows one to determine both the mass and period

of the exomoon, which satisfies the first critical desideratum outlined in §6.2.4. Now just one problem

remains - the requirement for a unique signature of an exomoon.

6.5.2 Phase Difference

Consider the simple case of iS # π/2 and ΩS # 0 and eS = eP = 0. These conditions may seem limited

but actually are dynamically expected as the Hill sphere of stable moon orbits shrink as the eccentricity

and inclination angles move away from coplanarity (Donnison, 2010). Under this simple circumstance,

the waveform components of the two signals become:
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TTV and TDV-V allow you determine PS and thus 
MS separately by measuring their amplitudes alone!
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90o Phase Shift
• TTV leads TDV-V by 90 degrees in phase

• A unique signature we can look for

Tuesday, July 17, 2012



90o Phase Shift
• TTV leads TDV-V by 90 degrees in phase

• A unique signature we can look for

Solves problems 1 and 2
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But wait, there’s more...
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Transit impact parameter 
induced transit duration 

variations (TDV-TIP)

Figure 6.5: Cartoon of the TDV-TIP effect. Here, the moon is relaxed into the same orbital plane as

the planet’s orbit and causes the planet to experience reflex motion illustrated by the two positions of the

planet, (1) and (2). This motion can be seen to cause a change in the apparent impact parameter, which

causes a change in the transit duration.

have a non-zero component of motion in the Ŷ -direction i.e. |∆YP | > 0 (illustrated in Figure 6.5). This

motion would change the transit impact parameter and since the transit duration is highly sensitive to

this term, then another form of TDV should occur.

TDV-TIP can be completely understood in terms of ∆YP and how it modifies the apparent transit

impact parameter. The modified transit duration, using the T̃ one approximation, would be given by:

T̃ TIP
P =

PP

π

"2
P,T

√

1 − e2
P

arcsin

√

1 − [bp,T + (∆YP /R∗)]2

(aP /R∗)2"2
P,T − [bP,T + (∆YP /R∗)]2

(6.74)

Where the “TIP” superscript indicates that this definition of the duration only accounts for the

TDV-TIP effect and not the TDV-V. Since the V component is just a scaling factor, it can be applied

after the TIP component has been incorporated. This two-step process allows one to write the transit

duration accounting for both V and TIP components as:

T̃P =
ẊB

ẊB + ˙∆XP

T̃ TIP
P (6.75)

At this point, it is useful to define T̃ TIP
P as some factor multiplied by the barycentric transit duration,

T̃B:

ε =
T̃ TIP

P

T̃B

(6.76)

Note that T̃ increases as the impact parameter approaches zero. Since YB is generally positive, then

increases in the transit duration occur when ∆YP is negative and decreases occur when ∆YP is positive.

Mathematically, ε > 1 for ∆YP < 0 and ε < 1 for ∆YP > 0. The total TDV effect may be now written

as:

153

Prograde case: TDV-V & TDV-TIP in phase
Retrograde case: TDV-V & TDV-TIP in anti-phase
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Does TDV-TIP mess up η?

6.5 TTV & TDV-V as Complementary Methods

6.5.1 Mass and Period Determination

I here define η as the ratio of the TDV to the TTV RMS amplitudes. Each of these amplitudes are

derivable through searches for excess variance and so η is readily measureable.

η =
δTDV

δTTV

=
T̃B
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If one makes the reasonable approximation that eS " 1, which is expected for dynamically stable

exomoons (Domingos et al., 2006), then one may make use of the fact:

lim
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ΦTDV−V = π
(

1 − cos2 iS sin2 $S

)

(6.70)

Therefore, for eS " 1, Equation (6.69) becomes:

lim
eS→0

η =
T̃B

PS
(6.71)

The elegant Equation (6.71) shows that the measurement of a TTV and TDV amplitude due to an

exomoon allows one to directly determine PS . Armed with PS and Kepler’s Third Law, one may use

either δTTV or δTDV−V to obtain MS as well.

A further possibility to use the derived period to look for the closest harmonic frequency in the

periodogram which would further constrain PS and consequently MS . Alternatively, one could use

the harmonic period to estimate
√

(1 − e2
S)−3ΦTDV−V/ΦTTV, which essentially characterizes how non-

circular and non-coplanar the moon is.

Therefore, combining TTV and TDV together allows one to determine both the mass and period

of the exomoon, which satisfies the first critical desideratum outlined in §6.2.4. Now just one problem

remains - the requirement for a unique signature of an exomoon.

6.5.2 Phase Difference

Consider the simple case of iS # π/2 and ΩS # 0 and eS = eP = 0. These conditions may seem limited

but actually are dynamically expected as the Hill sphere of stable moon orbits shrink as the eccentricity

and inclination angles move away from coplanarity (Donnison, 2010). Under this simple circumstance,

the waveform components of the two signals become:

151

6.5 TTV & TDV-V as Complementary Methods

6.5.1 Mass and Period Determination

I here define η as the ratio of the TDV to the TTV RMS amplitudes. Each of these amplitudes are

derivable through searches for excess variance and so η is readily measureable.

η =
δTDV

δTTV

=
T̃B

PS

1

(1 − e2
S)3/2

√

ΦTDV−V

ΦTTV
(6.69)

If one makes the reasonable approximation that eS " 1, which is expected for dynamically stable

exomoons (Domingos et al., 2006), then one may make use of the fact:

lim
eS→0

ΦTTV = lim
eS→0

ΦTDV−V = π
(

1 − cos2 iS sin2 $S

)

(6.70)

Therefore, for eS " 1, Equation (6.69) becomes:

lim
eS→0

η =
T̃B

PS
(6.71)

The elegant Equation (6.71) shows that the measurement of a TTV and TDV amplitude due to an

exomoon allows one to directly determine PS . Armed with PS and Kepler’s Third Law, one may use

either δTTV or δTDV−V to obtain MS as well.

A further possibility to use the derived period to look for the closest harmonic frequency in the

periodogram which would further constrain PS and consequently MS . Alternatively, one could use

the harmonic period to estimate
√

(1 − e2
S)−3ΦTDV−V/ΦTTV, which essentially characterizes how non-

circular and non-coplanar the moon is.

Therefore, combining TTV and TDV together allows one to determine both the mass and period

of the exomoon, which satisfies the first critical desideratum outlined in §6.2.4. Now just one problem

remains - the requirement for a unique signature of an exomoon.

6.5.2 Phase Difference

Consider the simple case of iS # π/2 and ΩS # 0 and eS = eP = 0. These conditions may seem limited

but actually are dynamically expected as the Hill sphere of stable moon orbits shrink as the eccentricity

and inclination angles move away from coplanarity (Donnison, 2010). Under this simple circumstance,

the waveform components of the two signals become:

151

Tuesday, July 17, 2012



Does TDV-TIP mess up η?

6.5 TTV & TDV-V as Complementary Methods

6.5.1 Mass and Period Determination

I here define η as the ratio of the TDV to the TTV RMS amplitudes. Each of these amplitudes are

derivable through searches for excess variance and so η is readily measureable.

η =
δTDV

δTTV

=
T̃B

PS

1

(1 − e2
S)3/2

√

ΦTDV−V

ΦTTV
(6.69)

If one makes the reasonable approximation that eS " 1, which is expected for dynamically stable

exomoons (Domingos et al., 2006), then one may make use of the fact:

lim
eS→0

ΦTTV = lim
eS→0

ΦTDV−V = π
(

1 − cos2 iS sin2 $S

)

(6.70)

Therefore, for eS " 1, Equation (6.69) becomes:

lim
eS→0

η =
T̃B

PS
(6.71)

The elegant Equation (6.71) shows that the measurement of a TTV and TDV amplitude due to an

exomoon allows one to directly determine PS . Armed with PS and Kepler’s Third Law, one may use

either δTTV or δTDV−V to obtain MS as well.

A further possibility to use the derived period to look for the closest harmonic frequency in the

periodogram which would further constrain PS and consequently MS . Alternatively, one could use

the harmonic period to estimate
√

(1 − e2
S)−3ΦTDV−V/ΦTTV, which essentially characterizes how non-

circular and non-coplanar the moon is.

Therefore, combining TTV and TDV together allows one to determine both the mass and period

of the exomoon, which satisfies the first critical desideratum outlined in §6.2.4. Now just one problem

remains - the requirement for a unique signature of an exomoon.

6.5.2 Phase Difference

Consider the simple case of iS # π/2 and ΩS # 0 and eS = eP = 0. These conditions may seem limited

but actually are dynamically expected as the Hill sphere of stable moon orbits shrink as the eccentricity

and inclination angles move away from coplanarity (Donnison, 2010). Under this simple circumstance,

the waveform components of the two signals become:

151

Table 6.1: Summary of key properties of the three known transit timing effects due to an exomoon.

TTV TDV-V TDV-TIP

Type of effect Positional Velocity Positional

Direction X̂ X̂ Ŷ

Proportionality MSaS MSa−1/2
S MSaS

Relative phase 0 π/2 ±π/2

Waveform Eqn Eqn (6.44) Eqn (6.63) Eqn (6.87)

RMS Amplitude Eqn Eqn (6.46) Eqn (6.65) Eqn (6.88)

Since the other Φ terms are of order unity and cos iP ! 1, then in general, one can see that the ∆Φ

term will be negligible. In such a circumstance, the total TDV amplitude becomes:

δTDV " T̃B

(

aSMSPP

aP MP PS

)( √

1 − e2
P

(1 + eP sin ωP )
√

1 − e2
S

)√

ΦTDV−V

2π

+ T̃B

(

bP,T

1 − b2
P,T

)(

aSMS(1 − e2
S)

R∗MP

)√

ΦTDV−TIP

2π
(6.99)

The expression for η now becomes:

η =
δTDV

δTTV

=
T̃B

PS

1

(1 − e2
S)3/2

√

ΦTDV−V

ΦTTV

+
T̃B

PB

aP

R∗

(

bP,T

1 − b2
P,T

)(

1 + eP sinωP
√

1 − e2
P

)√

ΦTDV−TIP

ΦTTV
(6.100)

Now consider the case of eS ! 1 and iS " π/2, as was done previously:

lim
eS→0

lim
iS→π/2

η =
T̃B

PS

√

ΦTDV−V

ΦTTV
+

T̃B

PB

aP

R∗

(

bP,T

1 − b2
P,T

)√

ΦTDV−TIP

ΦTTV

=
T̃B

PS
+

T̃B

PB

(

b2
P,T

1 − b2
P,T

)

(6.101)

Therefore, the contribution of the TIP effect is just to add a constant onto the η term. This constant

is purely a function of the properties of the planet, and so can be estimated reliably.

A summary of the properties of TTV, TDV-V and TDV-TIP is provided in Table 6.1 and I provide

some estimates of the TTV and TDV amplitudes for several transiting exoplanet systems in Table 6.2.

6.6.6 Prograde vs Retrograde

It was shown earlier in §6.5.2 how a retrograde orbit does not alter the phase shift between TTV and

TDV-V. Retrograde orbits are defined by π < iS < 2π, or alternatively as when the sense of the moon’s
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orbital motion around the planet is counter to that of the planet around the star. A retrograde orbit

would indicate a capture origin for the exomoon and thus its measurement would be a major milestone

in the road to understanding satellite formation outside of the Solar System. The TDV-TIP effect offers

a way to make this determination.

Consider the planet-moon barycentre moving in the +X̂-direction in Figure 6.5. For a prograde orbit,

the velocity of the planet around the planet-moon barycentre must be in the +X̂-direction when it is at

position (1). At position (1), the transit impact parameter has increased and thus the transit duration

has shortened. At the same time, the planet’s reflex velocity is additive to the planet-moon barycentre

velocity around the host star, and so the transit duration is further shortened. Thus for prograde orbits,

it can be seen that the TIP- and V-components are additive. The reverse logic is true for retrograde

orbits.

Whilst this intuitive explanation is useful, the validation may be provided by considering the Λ terms

for each timing effect. For the conditions used earlier in §6.5.2, a prograde moon has:

lim
eP ,eS→0

lim
ΩS→0

lim
iS→π/2

ΛTTV = cos fS

lim
eP ,eS→0

lim
ΩS→0

lim
iS→π/2

ΛTDV−V = sin fS

lim
eP ,eS→0

lim
ΩS→0

lim
iS→π/2

ΛTDV−TIP = sin fS cos iP (6.102)

But for a retrograde moon, this becomes:

lim
eP ,eS→0

lim
ΩS→0

lim
iS→3π/2

ΛTTV = cos fS

lim
eP ,eS→0

lim
ΩS→0

lim
iS→3π/2

ΛTDV−V = sin fS

lim
eP ,eS→0

lim
ΩS→0

lim
iS→3π/2

ΛTDV−TIP = − sin fS cos iP (6.103)

So the TDV-TIP effect can be seen to flip its phase shift. For prograde orbits, the TDV-V and TDV-

TIP effects are in phase and thus constructively interfere. For a retrograde orbit, destructive interference

occurs. If one assumes that in general the TDV-V component is larger than the TDV-TIP component,

which can be justified by the typical examples given in Table 6.2, then for a retrograde orbit, the constant

term in η becomes negative rather than positive:

lim
eS→0

lim
iS→π/2

η =
T̃B

PS
±

T̃B

PB

(

b2
P,T

1 − b2
P,T

)

(6.104)

Since the constant term is controlled only by the planetary properties, this raises the possibility of

measuring the sense of orbital motion. For any set of measurements, two versions of η can be constructed,

one for prograde moons and one for retrograde. The orbital period is derived using η and then this orbital
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⇒We can distinguish between 

prograde & retrograde moons!
Tuesday, July 17, 2012



Feasibility with Kepler

Hab-zone 
moons only
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Feasibility with Kepler

• Best-case: ~0.2M⊕

• 25,000 stars bright enough to go for 1M⊕

Hab-zone 
moons only
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Observational Consequences

1. Dynamical effects (gives MS)

(i) Transit timing variations (TTV)

(ii) Velocity induced transit duration variations 
(TDV-V)

(iii)Transit impact parameter induced transit 
duration variations (TDV-TIP)

2. Eclipse effects (gives RS)
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(ii) Velocity induced transit duration variations 
(TDV-V)

(iii)Transit impact parameter induced transit 
duration variations (TDV-TIP)

2. Eclipse effects (gives RS)
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Auxiliary Transits

• At the simplest level, a moon can induce an 
auxiliary transit...
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Mutual Events

• But if the moon, planet and star all overlap, 
we have a “mutual event”.

• Can no longer simply add two signals 
together.

12 David M. Kipping

CASE 14.1 a CASE 14.1 b CASE 14.2 a

CASE 14.2 b CASE 14.3 a CASE 14.3 b

CASE 14.7 a CASE 14.7 b

Figure 4. Sub-cases of case 14. The subscript numbers (1,2,3,7) originate from the system employed by Fewell (2006). The extra case
conditions (a,b) come from additional complexity within each sub-case yet consistent within the original case definitions of Fewell (2006).
The star is black solid, the planet is black dashed and the moon is gray solid. Relative sizes selected purely for depiction purposes.

3.3 Flow Decision Diagram

With all the conditions stated, it is useful to construct a flow
diagram of the decision route which LUNA should take. This
flow diagram should be designed to minimize the number of
calculations LUNA has to perform. We have conditions A to
G for the sub-cases and three additional conditions from the
principal cases, so the maximum number of decisions in any
chain should be 10. Ideally, most decision routes will involve
fewer than 10 decisions.

3.3.1 Decision 1

The best-place to start is with the principal cases. The com-
putation of the transit light curve will always require a com-
putation of SP∗, as it is assumed that the planet always
transits.

Since we always have to compute this term anyway, the
economic way to proceed is to base a decision tree upon its
behaviour. This essentially gives us a three way-split into
three decision trees: cases 1 through 9 (called “p-out”), 10
through 19 (“p-part”) and 20 through 27 (“p-in”).
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Star-Planet System
• Light curve is completely described by SP*, 

the sky-projected planet-star separation (in 
units of the stellar radius)

• This one parameter exists in 3 states, 
leading to 3^1=3 cases:

(I) Out-of-transit:   

(II)On-the-limb:     

(III)In-transit:        

1+p≤ SP* <∞
1-p≤ SP* <1+p

0≤ SP* <1-p
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Star-Planet-Moon System

• Light curve now described by 3 
parameters: SP*, SS*, SPS

• Each parameter can still be in 3 states each

• Now 3^3 = 27 cases
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LUNA: A transit algorithm for exomoons 7

Table 2. List of principal cases. For each case we label whether the case is geometrically physical or not. We also give the expected
eclipsed area due to each body. More complicated cases are marked with a * and exhibit areal interaction. ** indicates multiple sub-cases
exist, which will be returned to later.

Case Number [E] SP SS SPS Physical? AP,transit AS,transit

1 SP∗ ! 1 + p SS∗ ! 1 + s SPS ! p+ s
√

0 0
2 SP∗ ! 1 + p SS∗ ! 1 + s p− s < SPS < p+ s

√
0 0

3 SP∗ ! 1 + p SS∗ ! 1 + s SPS " p− s
√

0 0
4 SP∗ ! 1 + p 1− s < SS∗ < 1 + s SPS ! p+ s

√
0 αS∗

5 SP∗ ! 1 + p 1− s < SS∗ < 1 + s p− s < SPS < p+ s
√

0 αS∗

6 SP∗ ! 1 + p 1− s < SS∗ < 1 + s SPS " p− s × - -
7 SP∗ ! 1 + p SS∗ " 1− s SPS ! p+ s

√
0 πs2

8 SP∗ ! 1 + p SS∗ " 1− s p− s < SPS < p+ s × - -
9 SP∗ ! 1 + p SS∗ " 1− s SPS " p− s × - -

10 1− p < SP∗ < 1 + p SS∗ ! 1 + s SPS ! p+ s
√

αP∗ 0
11 1− p < SP∗ < 1 + p SS∗ ! 1 + s p− s < SPS < p+ s

√
αP∗ 0

12 1− p < SP∗ < 1 + p SS∗ ! 1 + s SPS " p− s
√

αP∗ 0
13 1− p < SP∗ < 1 + p 1− s < SS∗ < 1 + s SPS ! p+ s

√
αP∗ αS∗

14** 1− p < SP∗ < 1 + p 1− s < SS∗ < 1 + s p− s < SPS < p+ s
√

αP∗ variable
15 1− p < SP∗ < 1 + p 1− s < SS∗ < 1 + s SPS " p− s

√
αP∗ 0

16 1− p < SP∗ < 1 + p SS∗ " 1− s SPS ! p+ s
√

αP∗ πs2

17* 1− p < SP∗ < 1 + p SS∗ " 1− s p− s < SPS < p+ s
√

αP∗ πs2 − αSP

18 1− p < SP∗ < 1 + p SS∗ " 1− s SPS " p− s
√

αP∗ 0

19 SP∗ " 1− p SS∗ ! 1 + s SPS ! p+ s
√

πp2 0
20 SP∗ " 1− p SS∗ ! 1 + s p− s < SPS < p+ s × - -
21 SP∗ " 1− p SS∗ ! 1 + s SPS " p− s × - -
22 SP∗ " 1− p 1− s < SS∗ < 1 + s SPS ! p+ s

√
πp2 αS∗

23* SP∗ " 1− p 1− s < SS∗ < 1 + s p− s < SPS < p+ s
√

πp2 αS∗ − αSP

24 SP∗ " 1− p 1− s < SS∗ < 1 + s SPS " p− s × - -
25 SP∗ " 1− p SS∗ " 1− s SPS ! p+ s

√
πp2 πs2

26* SP∗ " 1− p SS∗ " 1− s p− s < SPS < p+ s
√

πp2 πs2 − αSP

27 SP∗ " 1− p SS∗ " 1− s SPS " p− s
√

πp2 0

Table 3. List of Fewell (2006) cases and the corresponding case
definitions used in this work.

Fewell (2006) Case Number Case Number (This work) [E]

(1) 14.1
(2) 14.2
(3) 14.3
(4) 17
(5) 18
(6) 27
(7) 14.7
(8) 11
(9) 10

calculating analytic expressions for the vertices of all three
circles which may then be converted to chord lengths and
these equations are useful for distinguishing between all the
various sub-cases.

Let us consider three circles labelled 1, 2 and 3 of radii
Ri and positions {Xi,Yi} and intersection points {Xij ,Yij}
(where two intersections points always exist for each i-j pair-
ing under the case 14 conditions). Let us define {X1,Y1} =
{0, 0} and assume R1 > R2 > R3. Therefore, we have circle
1 being the star, circle 2 being the planet and circle 3 being
the moon. The intersection points are given by (see Fewell
(2006) for details of the relevant derivation):

Intersection 12

X12 =
1− p2 + S2

P∗

2SP∗

(18)

Y12 =
1

2SP∗

√

2S2
P∗(1 + p2)− (1− p2)2 − S4

P∗ (19)

Intersection 13

X13 = X ′
13 cos θ

′ − Y ′
13 sin θ

′ (20)

Y13 = X ′
13 sin θ

′ + Y ′
13 cos θ

′ (21)

X ′
13 =

1− s2 + S2
S∗

2SS∗

(22)

Y ′
13 =

−1
2SS∗

√

2S2
S∗(1 + s2)− (1− s2)2 − S4

S∗ (23)

cos θ′ =
S2
P∗ + S2

S∗ − S2
PS

2SP∗SS∗

(24)

sin θ′ =
√

1− cos2 θ′ (25)
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8 David M. Kipping

CASE 1 CASE 2 CASE 3

CASE 4 CASE 5

UNPHYSICAL

CASE 6

CASE 7

UNPHYSICAL

CASE 8

UNPHYSICAL

CASE 9

Figure 1. Principal cases 1 to 9. The star is black solid, the planet is black dashed and the moon is gray solid.

Intersection 23

X23 = X ′′
23 cos θ

′′ − Y ′′
23 sin θ

′′ + SP∗ (26)

Y23 = X ′′
23 sin θ

′′ + Y ′′
23 cos θ

′′ (27)

X ′′
23 =

p2 − s2 + S2
PS

2SPS
(28)

Y ′′
23 =

1
2SPS

√

2S2
PS(p

2 + s2)− (p2 − s2)2 − S4
PS (29)

cos θ′′ = −S2
P∗ + S2

PS − S2
S∗

2SP∗SPS
(30)

sin θ′′ =
√

1− cos2 θ′′ (31)

3.2.1 Fewell Case (1)

What makes Fewell case (1) unique mathematically speak-
ing? i.e. under what conditions are the equations for (1)
valid? Fewell (2006) provides expressions for evaluating
whether case (1) is satisfied or not. Fewell (2006) identi-
fies “two” conditions but one of these conditions is just the
case 14 conditions and need not be considered again. The
second condition is actually composed of two causal factors
and so in total there exists two conditions which uniquely
define case 14.1. Let us define conditions A and B as:
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CASE 10 CASE 11 CASE 12

CASE 13

MULTIPLE SUB!CASES

CASE 14 CASE 15

CASE 16 CASE 17 CASE 18

Figure 2. Principal cases 10 to 18. The star is black solid, the planet is black dashed and the moon is gray solid.

Condition A

(X12 − SS∗ cos θ
′)2 + (Y12 − SS∗ sin θ′)2 < s2 (32)

Condition B

(X12 − SS∗ cos θ
′)2 + (Y12 + SS∗ sin θ′)2 < s2 (33)

In order to have case 14.1, we require that condition
A is satisfied and condition B is anti-satisfied (we call this
condition B̄). The area αtransit may be found by evaluating
the circular triangle, principally defined by the chord lengths
and radii. In fact, two sub-sub-cases exist here for 14.1 which
we label as 14.1a and 14.1b. 14.1a is the case where less than

half the circle is involved and 14.1b occurs when more than
half the circle is involved. The two cases are distinguished
by evaluating the following:

Condition C

SS∗ sin θ > Y13 +
Y23 − Y13

X23 − X13
(SS∗ cos θ

′ − X13) (34)

If the above equation is true (condition C) then we have
case 14.1a and AE14.1a

overlap may be found using:
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CASE 19

UNPHYSICAL

CASE 20

UNPHYSICAL

CASE 21

CASE 22 CASE 23

UNPHYSICAL

CASE 24

CASE 25 CASE 26 CASE 27

Figure 3. Principal cases 19 to 27. The star is black solid, the planet is black dashed and the moon is gray solid.

AE14.1a
overlap =

1
4

√

(c1 + c2 + c3)(c2 + c3 − c1)

×
√

(c1 + c3 − c2)(c1 + c2 − c3)

+
3

∑

k=1

(

R2
k arcsin

ck

2Rk
− ck

4

√

4R2
k − c

2
k

)

(35)

c
2
k = (Xik − Xjk)

2 + (Yik − Yjk)
2 (36)

Otherwise (condition C̄), for case 14.1b, we must use:

AE14.1b
overlap =

1
4

√

(c1 + c2 + c3)(c2 + c3 − c1)

×
√

(c1 + c3 − c2)(c1 + c2 − c3)

+
3

∑

k=1

(

R2
k arcsin

ck

2Rk

)

(37)

− c1

4

√

4R2
1 − c

2
1 −

c2

4

√

4R2
2 − c

2
2 +

c3

4

√

4R2
3 − c

2
3

(38)

The actively transiting area of the moon is now given
by: AE14.1x

S,transit = αS∗ − AE14.1x
overlap. In the above equations, it

should be noted that ck represents the chord lengths.
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Case 14

• Case 14 has all three discs on the limb

• We need to calculate the area of overlap

• Could be done numerically, but this would 
be very slow and inefficient

• Is there an analytic solution?
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is done...
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Some in-depth research 
is done...

area of common overlap of three circles
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Some in-depth research 
is done...

↖

area of common overlap of three circles
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CASE 14.1 a CASE 14.1 b CASE 14.2 a

CASE 14.2 b CASE 14.3 a CASE 14.3 b

CASE 14.7 a CASE 14.7 b

Figure 4. Sub-cases of case 14. The subscript numbers (1,2,3,7) originate from the system employed by Fewell (2006). The extra case
conditions (a,b) come from additional complexity within each sub-case yet consistent within the original case definitions of Fewell (2006).
The star is black solid, the planet is black dashed and the moon is gray solid. Relative sizes selected purely for depiction purposes.

3.3 Flow Decision Diagram

With all the conditions stated, it is useful to construct a flow
diagram of the decision route which LUNA should take. This
flow diagram should be designed to minimize the number of
calculations LUNA has to perform. We have conditions A to
G for the sub-cases and three additional conditions from the
principal cases, so the maximum number of decisions in any
chain should be 10. Ideally, most decision routes will involve
fewer than 10 decisions.

3.3.1 Decision 1

The best-place to start is with the principal cases. The com-
putation of the transit light curve will always require a com-
putation of SP∗, as it is assumed that the planet always
transits.

Since we always have to compute this term anyway, the
economic way to proceed is to base a decision tree upon its
behaviour. This essentially gives us a three way-split into
three decision trees: cases 1 through 9 (called “p-out”), 10
through 19 (“p-part”) and 20 through 27 (“p-in”).

• In 2006, Michael Fewell, presented the first 
analytic solution to this problem.

• The Fewell solution solves the most critical 
problem in modeling exomoon signals.
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CASE 14.1 a CASE 14.1 b CASE 14.2 a

CASE 14.2 b CASE 14.3 a CASE 14.3 b

CASE 14.7 a CASE 14.7 b

Figure 4. Sub-cases of case 14. The subscript numbers (1,2,3,7) originate from the system employed by Fewell (2006). The extra case
conditions (a,b) come from additional complexity within each sub-case yet consistent within the original case definitions of Fewell (2006).
The star is black solid, the planet is black dashed and the moon is gray solid. Relative sizes selected purely for depiction purposes.

3.3 Flow Decision Diagram

With all the conditions stated, it is useful to construct a flow
diagram of the decision route which LUNA should take. This
flow diagram should be designed to minimize the number of
calculations LUNA has to perform. We have conditions A to
G for the sub-cases and three additional conditions from the
principal cases, so the maximum number of decisions in any
chain should be 10. Ideally, most decision routes will involve
fewer than 10 decisions.

3.3.1 Decision 1

The best-place to start is with the principal cases. The com-
putation of the transit light curve will always require a com-
putation of SP∗, as it is assumed that the planet always
transits.

Since we always have to compute this term anyway, the
economic way to proceed is to base a decision tree upon its
behaviour. This essentially gives us a three way-split into
three decision trees: cases 1 through 9 (called “p-out”), 10
through 19 (“p-part”) and 20 through 27 (“p-in”).
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CASE 14.1 a CASE 14.1 b CASE 14.2 a

CASE 14.2 b CASE 14.3 a CASE 14.3 b

CASE 14.7 a CASE 14.7 b

Figure 4. Sub-cases of case 14. The subscript numbers (1,2,3,7) originate from the system employed by Fewell (2006). The extra case
conditions (a,b) come from additional complexity within each sub-case yet consistent within the original case definitions of Fewell (2006).
The star is black solid, the planet is black dashed and the moon is gray solid. Relative sizes selected purely for depiction purposes.

3.3 Flow Decision Diagram

With all the conditions stated, it is useful to construct a flow
diagram of the decision route which LUNA should take. This
flow diagram should be designed to minimize the number of
calculations LUNA has to perform. We have conditions A to
G for the sub-cases and three additional conditions from the
principal cases, so the maximum number of decisions in any
chain should be 10. Ideally, most decision routes will involve
fewer than 10 decisions.

3.3.1 Decision 1

The best-place to start is with the principal cases. The com-
putation of the transit light curve will always require a com-
putation of SP∗, as it is assumed that the planet always
transits.

Since we always have to compute this term anyway, the
economic way to proceed is to base a decision tree upon its
behaviour. This essentially gives us a three way-split into
three decision trees: cases 1 through 9 (called “p-out”), 10
through 19 (“p-part”) and 20 through 27 (“p-in”).

Also see 
Pal (2012)
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Observational Consequences

1. Dynamical effects (gives MS)

(i) Transit timing variations (TTV)

(ii) Velocity induced transit duration variations 
(TDV-V)

(iii)Transit impact parameter induced transit 
duration variations (TDV-TIP)

2. Eclipse effects (gives RS)

(i) Auxiliary transits

(ii) Mutual events
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ABSTRACT

We show that for a transiting exoplanet accompanied by a moon which also tran-
sits, the absolute masses and radii of the star, planet and moon are determinable.
For a planet-star system, it is well known that the density of the star is calculable
from the lightcurve by manipulation of Kepler’s Third Law. In an analogous way, the
planetary density is calculable for a planet-moon system which transits a star, and
thus the ratio-of-densities is known. By combining this ratio with the observed ratio-
of-radii and the radial velocity measurements of the system, we show that the absolute
dimensions of the star and planet are determinable. This means such systems could
be used as calibrators of stellar evolution. The detection of dynamical effects, such as
transit timing variations, allows the absolute mass of the moon to be determined as
well, which may be combined with the radius to infer the satellite’s composition.

Key words: planets and satellites: general — eclipses — methods: analytical

1 INTRODUCTION

Determining the absolute dimensions of a transiting planet
system remains one of the most challenging problems
confronting the exoplanetary scientist. The most widely
adopted approach is to exploit Kepler’s Third Law and the
lightcurve morphology to determine the stellar density, ρ∗

(Seager & Mallén-Ornelas 2003). Combining ρ∗ with spec-
troscopic inferences of the surface gravity and metallicity
allows us to produce stellar evolutionary tracks which may
be used to estimate the mass and radius of the star (e.g. Yi
et al. (2001), Baraffe et al. (1998)). This approach is some-
what unsavoury as it is highly model dependent, where the
model is that of stellar evolution.

If the spectral lines from the transiting body are resolv-
able, then the absolute dimensions may be determined as
regularly done in the eclipsing binary community for double-
lined, detached, eclipsing binary systems (DDEBs) (Ander-
sen (1991); Torres et al. (2009) and references there-in). This
approach was also recently used for the planet HD 209458b
(Snellen et al. 2010) but resulted in an error of greater than
20% on the stellar mass. Another method is to use interfer-
ometry to measure the stellar radius but this is limited to
nearby, bright targets (Baines et al. 2007).

A more subtle opportunity for determining the absolute
dimensions was offered by Agol et al. (2005), who considered
dynamical interaction between two planets, where one tran-
sited the host star. The presence of the other planet induces

! E-mail: d.kipping@ucl.ac.uk

transit timing variations (TTV) onto the eclipsing body (see
also Holman & Murray (2005)). By measuring both the TTV
and lightcurve derived stellar density, a unique solution for
the stellar mass is achievable. For a planet-moon system,
perturbation of the planetary motion also gives rise to TTV
(Sartoretti & Schneider 1999), as well as transit duration
variations (TDV) (Kipping 2009a).

In this letter, we show that the absolute masses and
radii of the star and planet and the absolute radius of the
moon are determinable for a transiting planet-moon sys-
tem to an excellent approximation, even without measur-
able perturbation to the planetary orbit. The detection of
dynamical effects from the moon, such as TTV, allows for
the absolute mass of the moon to be found too and a more
accurate solution for the dimensions of all three bodies. It is
expected that the Kepler Mission (Borucki et al. 2009) will
be sensitive to moons of ! 0.2M⊕ (Kipping et al. 2009c)
and thus such systems could be detected in the near future.
These systems therefore would obviate the need for stellar
evolutionary models and potentially act as evolutionary cal-
ibrators.

2 OBSERVABLES

2.1 Star-Planet System

We start by considering the simple case of a planet-star sys-
tem. The lightcurve is completely described by just a few
free parameters. These are the time of mid-transit, tmid, the
impact parameter, b, the orbital period, P , the ratio-of-radii,

c© 2010 RAS
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1 INTRODUCTION

Determining the absolute dimensions of a transiting planet
system remains one of the most challenging problems
confronting the exoplanetary scientist. The most widely
adopted approach is to exploit Kepler’s Third Law and the
lightcurve morphology to determine the stellar density, ρ∗

(Seager & Mallén-Ornelas 2003). Combining ρ∗ with spec-
troscopic inferences of the surface gravity and metallicity
allows us to produce stellar evolutionary tracks which may
be used to estimate the mass and radius of the star (e.g. Yi
et al. (2001), Baraffe et al. (1998)). This approach is some-
what unsavoury as it is highly model dependent, where the
model is that of stellar evolution.

If the spectral lines from the transiting body are resolv-
able, then the absolute dimensions may be determined as
regularly done in the eclipsing binary community for double-
lined, detached, eclipsing binary systems (DDEBs) (Ander-
sen (1991); Torres et al. (2009) and references there-in). This
approach was also recently used for the planet HD 209458b
(Snellen et al. 2010) but resulted in an error of greater than
20% on the stellar mass. Another method is to use interfer-
ometry to measure the stellar radius but this is limited to
nearby, bright targets (Baines et al. 2007).

A more subtle opportunity for determining the absolute
dimensions was offered by Agol et al. (2005), who considered
dynamical interaction between two planets, where one tran-
sited the host star. The presence of the other planet induces
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transit timing variations (TTV) onto the eclipsing body (see
also Holman & Murray (2005)). By measuring both the TTV
and lightcurve derived stellar density, a unique solution for
the stellar mass is achievable. For a planet-moon system,
perturbation of the planetary motion also gives rise to TTV
(Sartoretti & Schneider 1999), as well as transit duration
variations (TDV) (Kipping 2009a).

In this letter, we show that the absolute masses and
radii of the star and planet and the absolute radius of the
moon are determinable for a transiting planet-moon sys-
tem to an excellent approximation, even without measur-
able perturbation to the planetary orbit. The detection of
dynamical effects from the moon, such as TTV, allows for
the absolute mass of the moon to be found too and a more
accurate solution for the dimensions of all three bodies. It is
expected that the Kepler Mission (Borucki et al. 2009) will
be sensitive to moons of ! 0.2M⊕ (Kipping et al. 2009c)
and thus such systems could be detected in the near future.
These systems therefore would obviate the need for stellar
evolutionary models and potentially act as evolutionary cal-
ibrators.

2 OBSERVABLES

2.1 Star-Planet System

We start by considering the simple case of a planet-star sys-
tem. The lightcurve is completely described by just a few
free parameters. These are the time of mid-transit, tmid, the
impact parameter, b, the orbital period, P , the ratio-of-radii,
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Table 1. Summary of derivables in two cases. Column 2
shows the case where no dynamical effects are detectable (e.g.
TTV/TDV) but the planet and moon transit the host star. Col-
umn 3 shows the case where dynamical effects are detectable.

Parameter No TTV/TDV TTV/TDV

M∗ Approximate solution Accurate solution
R∗ Approximate solution Accurate solution
MP Approximate solution Accurate solution
RP Approximate solution Accurate solution
MS Upper limit only Accurate solution
RS Approximate solution Accurate solution

M∗ =
(1 + MB∗)

2PBK3
∗(1 − e2

B)3/2

2πGM3
B∗ sin3 iB

(12)

This may be re-expressed in terms of the observables
only:

M∗ =

"

(aB/R∗)
6

(aS/R∗)9

#"

P 4
S

P 5
B

#"

(1 − e2
B)3/2K3

∗

2πG sin3 iB

#

×

"

(aB/R∗)
3P 2

S − (aS/R∗)
3(1 + MSP )3P 2

B

(1 + MSP )9

#

(13)

Similarly, the stellar radius may be written as:

R∗ =
(aB/R∗)

2
p

1 − e2
BK∗P

2
S

2π sin iB(aS/R∗)3(1 + MSP )3PB
(14)

Once the stellar mass and radius is known, the mass and
radius of the planet are easily found. Once again, all of these
quantities are derivable to an excellent approximation even
without TTV/TDV by simply using MSP # 1 in equations
(13) and (14). However, one can see that in the absence
of a moon we have (aS/R∗)/PS → 0/0 and (13) & (14)
become meaningless, as expected. Given that R∗ and s =
RS/R∗ have been determined, then the absolute radius of
the moon is also known. In the absence of any TTV/TDV,
we would be able to place at least an upper limit satellite
mass, which would constrain the internal composition of the
moon. However, if dynamical effects are detected then the
more accurate solutions in equation (13) and (14) may be
used and the absolute dimensions of all three bodies are
determinable (Table 1).

5 CONCLUSIONS

We have shown that if the semi-major axis of a moon’s orbit
around an exoplanet and its corresponding orbital period are
measurable, as is expected for a transiting planet-moon sys-
tem, then it is possible to determine the densities of the star
and planet. The detection of dynamical effects in the transit
lightcurve (e.g. TTV/TDV effects) allows for an accurate
determination of the various mass ratios and the density of
the moon as well. However, an excellent approximate ex-
pression for the mass ratio of the planet-moon pair to the
star is still derivable even in the cases where MS/MP # 1
and no detectable TTV/TDV effects occur.

Combining this mass ratio with the radial velocity data
allows for an excellent approximate solution for the absolute
masses and radii of the star and planet and the absolute
radius of the satellite. The detection of dynamical effects
allows for the more accurate solution for the absolute di-
mensions of all three bodies. The equations are not limited
to strictly planet-moon cases but naturally are applicable
to binary-planets as well, should they be detected (Podsiad-
lowski et al. 2010).

Aside from such systems being interesting for harbour-
ing a moon, they are also very valuable to validate the stellar
evolution models, which are usually invoked for transiting
planet systems. Planet-moon systems could therefore act as
evolution calibrators, in the same way as double-lined, de-
tached, eclipsing binaries (DDEBs) do. The solution also
means that the absolute mass and radius of the planet and
moon are resolvable. This is particularly useful for determin-
ing the composition of the moon. An icy moon (which may
have become a water-world after planetary migration) would
have a significantly lower density than a rocky planet which
may have been captured (Grindrod et al. 2007). Therefore,
the density determination alone allows for some assessment
of the possible origin of the moon (Namouni 2010) and pos-
sibly even its habitability (Williams et al. 1997).

The ability to measure the absolute mass and radius of
the moon is extremely powerful. The moon is likely to be
sub-Earth mass and modern radial velocity measurements
would not be able to detect a planet of equivalent mass (Lo-
vis et al. 2008). Therefore, moons measured in this way could
become the objects of smallest measurable mass outside of
the Solar System.
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TTV/TDV) but the planet and moon transit the host star. Col-
umn 3 shows the case where dynamical effects are detectable.

Parameter No TTV/TDV TTV/TDV

M∗ Approximate solution Accurate solution
R∗ Approximate solution Accurate solution
MP Approximate solution Accurate solution
RP Approximate solution Accurate solution
MS Upper limit only Accurate solution
RS Approximate solution Accurate solution

M∗ =
(1 + MB∗)

2PBK3
∗(1 − e2

B)3/2

2πGM3
B∗ sin3 iB

(12)

This may be re-expressed in terms of the observables
only:

M∗ =

"

(aB/R∗)
6

(aS/R∗)9

#"

P 4
S

P 5
B

#"

(1 − e2
B)3/2K3

∗

2πG sin3 iB

#

×

"

(aB/R∗)
3P 2

S − (aS/R∗)
3(1 + MSP )3P 2

B

(1 + MSP )9

#

(13)

Similarly, the stellar radius may be written as:

R∗ =
(aB/R∗)

2
p

1 − e2
BK∗P

2
S

2π sin iB(aS/R∗)3(1 + MSP )3PB
(14)

Once the stellar mass and radius is known, the mass and
radius of the planet are easily found. Once again, all of these
quantities are derivable to an excellent approximation even
without TTV/TDV by simply using MSP # 1 in equations
(13) and (14). However, one can see that in the absence
of a moon we have (aS/R∗)/PS → 0/0 and (13) & (14)
become meaningless, as expected. Given that R∗ and s =
RS/R∗ have been determined, then the absolute radius of
the moon is also known. In the absence of any TTV/TDV,
we would be able to place at least an upper limit satellite
mass, which would constrain the internal composition of the
moon. However, if dynamical effects are detected then the
more accurate solutions in equation (13) and (14) may be
used and the absolute dimensions of all three bodies are
determinable (Table 1).

5 CONCLUSIONS

We have shown that if the semi-major axis of a moon’s orbit
around an exoplanet and its corresponding orbital period are
measurable, as is expected for a transiting planet-moon sys-
tem, then it is possible to determine the densities of the star
and planet. The detection of dynamical effects in the transit
lightcurve (e.g. TTV/TDV effects) allows for an accurate
determination of the various mass ratios and the density of
the moon as well. However, an excellent approximate ex-
pression for the mass ratio of the planet-moon pair to the
star is still derivable even in the cases where MS/MP # 1
and no detectable TTV/TDV effects occur.

Combining this mass ratio with the radial velocity data
allows for an excellent approximate solution for the absolute
masses and radii of the star and planet and the absolute
radius of the satellite. The detection of dynamical effects
allows for the more accurate solution for the absolute di-
mensions of all three bodies. The equations are not limited
to strictly planet-moon cases but naturally are applicable
to binary-planets as well, should they be detected (Podsiad-
lowski et al. 2010).

Aside from such systems being interesting for harbour-
ing a moon, they are also very valuable to validate the stellar
evolution models, which are usually invoked for transiting
planet systems. Planet-moon systems could therefore act as
evolution calibrators, in the same way as double-lined, de-
tached, eclipsing binaries (DDEBs) do. The solution also
means that the absolute mass and radius of the planet and
moon are resolvable. This is particularly useful for determin-
ing the composition of the moon. An icy moon (which may
have become a water-world after planetary migration) would
have a significantly lower density than a rocky planet which
may have been captured (Grindrod et al. 2007). Therefore,
the density determination alone allows for some assessment
of the possible origin of the moon (Namouni 2010) and pos-
sibly even its habitability (Williams et al. 1997).

The ability to measure the absolute mass and radius of
the moon is extremely powerful. The moon is likely to be
sub-Earth mass and modern radial velocity measurements
would not be able to detect a planet of equivalent mass (Lo-
vis et al. 2008). Therefore, moons measured in this way could
become the objects of smallest measurable mass outside of
the Solar System.
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Figure 7. Left panel: Simulation from LUNA of a habitable-zone Neptune with a distant, retrograde, Earth-like moon for an M2 host
star. Right panel: Noised data (circles) of 250 ppm per minute overlaid with best fit from an MCMC routine (solid).

Table 6. Comparison of parameter estimates from various model assumptions used in the fits. Data generated for a Neptune with a
distant moon around an M2 star.

Parameter Truth Retrograde Prograde No Moon

χ2 8529.95 8518.65 8518.68 11477.45
BIC - 8636.48 8636.51 11531.83

Fitted params.

PB∗ [days] 46.000000 45.99964+0.00061
−0.00064 45.99967+0.00058

−0.00072 46.005178+0.000084
−0.000085

τB∗ [BJD - 2454000] 956.00000 956.0010+0.0019
−0.0018 956.0010+0.0021

−0.0017 955.98483+0.00026
−0.00026

p2 [%] 0.5071 0.5088+0.0029
−0.0023 0.5088+0.0029

−0.0023 0.5075+0.0044
−0.0028

bB∗ 0.00 0.02+0.13
−0.14 0.01+0.14

−0.14 0.00+0.19
−0.19

T̃B∗ [s] 15882 15896+26
−26 15896+26

−26 15883+27
−27

PSB [days] 23.995 23.984+0.031
−0.031 23.987+0.029

−0.034 -

φSB [◦] 40 34+70
−29 143+46

−77 -

s 0.01834 0.01842+0.00048
−0.00049 0.01843+0.00048

−0.00049 0.00000

aSB/R∗ 2.509 2.481+0.045
−0.044 2.478+0.044

−0.044 -

bSB −0.1 −0.02+0.61
−0.83 −0.09+0.57

−0.59 -

ΩSB [◦] 5 11+29
−70 7+48

−77 -

MS/MP 0.0583 0.0622+0.0076
−0.0070 0.0619+0.0084

−0.0067 0.0000

Physical params.

M∗ [M$] 0.400 0.399+0.061
−0.064 0.403+0.061

−0.066 -

R∗ [R$] 0.500 0.504+0.025
−0.029 0.506+0.025

−0.029 -

MP [MJ ] 0.0540 0.0537+0.0055
−0.0061 0.0541+0.0055

−0.0063 -

RP [MJ ] 0.346 0.350+0.018
−0.020 0.351+0.018

−0.020 -

MS [M⊕] 1.00 1.05+0.13
−0.12 1.06+0.13

−0.12 -

RS [R⊕] 1.000 1.011+0.059
−0.064 1.015+0.059

−0.065 -

ρS [g cm−3] 5.50 5.62+1.03
−0.85 5.58+1.07

−0.82 -

Neptune in hab-zone of M2 dwarf with far-out 
retrograde Earth-mass and radius moon

Tuesday, July 17, 2012
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Figure 7. Left panel: Simulation from LUNA of a habitable-zone Neptune with a distant, retrograde, Earth-like moon for an M2 host
star. Right panel: Noised data (circles) of 250 ppm per minute overlaid with best fit from an MCMC routine (solid).

Table 6. Comparison of parameter estimates from various model assumptions used in the fits. Data generated for a Neptune with a
distant moon around an M2 star.

Parameter Truth Retrograde Prograde No Moon

χ2 8529.95 8518.65 8518.68 11477.45
BIC - 8636.48 8636.51 11531.83

Fitted params.

PB∗ [days] 46.000000 45.99964+0.00061
−0.00064 45.99967+0.00058

−0.00072 46.005178+0.000084
−0.000085

τB∗ [BJD - 2454000] 956.00000 956.0010+0.0019
−0.0018 956.0010+0.0021

−0.0017 955.98483+0.00026
−0.00026

p2 [%] 0.5071 0.5088+0.0029
−0.0023 0.5088+0.0029

−0.0023 0.5075+0.0044
−0.0028

bB∗ 0.00 0.02+0.13
−0.14 0.01+0.14

−0.14 0.00+0.19
−0.19

T̃B∗ [s] 15882 15896+26
−26 15896+26

−26 15883+27
−27

PSB [days] 23.995 23.984+0.031
−0.031 23.987+0.029

−0.034 -

φSB [◦] 40 34+70
−29 143+46

−77 -

s 0.01834 0.01842+0.00048
−0.00049 0.01843+0.00048

−0.00049 0.00000

aSB/R∗ 2.509 2.481+0.045
−0.044 2.478+0.044

−0.044 -

bSB −0.1 −0.02+0.61
−0.83 −0.09+0.57

−0.59 -

ΩSB [◦] 5 11+29
−70 7+48

−77 -

MS/MP 0.0583 0.0622+0.0076
−0.0070 0.0619+0.0084

−0.0067 0.0000

Physical params.

M∗ [M$] 0.400 0.399+0.061
−0.064 0.403+0.061

−0.066 -

R∗ [R$] 0.500 0.504+0.025
−0.029 0.506+0.025

−0.029 -

MP [MJ ] 0.0540 0.0537+0.0055
−0.0061 0.0541+0.0055

−0.0063 -

RP [MJ ] 0.346 0.350+0.018
−0.020 0.351+0.018

−0.020 -

MS [M⊕] 1.00 1.05+0.13
−0.12 1.06+0.13

−0.12 -

RS [R⊕] 1.000 1.011+0.059
−0.064 1.015+0.059

−0.065 -

ρS [g cm−3] 5.50 5.62+1.03
−0.85 5.58+1.07

−0.82 -

~10% uncertainties on M*

~5% uncertainties on R*

Tuesday, July 17, 2012
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Figure 7. Left panel: Simulation from LUNA of a habitable-zone Neptune with a distant, retrograde, Earth-like moon for an M2 host
star. Right panel: Noised data (circles) of 250 ppm per minute overlaid with best fit from an MCMC routine (solid).

Table 6. Comparison of parameter estimates from various model assumptions used in the fits. Data generated for a Neptune with a
distant moon around an M2 star.

Parameter Truth Retrograde Prograde No Moon

χ2 8529.95 8518.65 8518.68 11477.45
BIC - 8636.48 8636.51 11531.83

Fitted params.

PB∗ [days] 46.000000 45.99964+0.00061
−0.00064 45.99967+0.00058

−0.00072 46.005178+0.000084
−0.000085

τB∗ [BJD - 2454000] 956.00000 956.0010+0.0019
−0.0018 956.0010+0.0021

−0.0017 955.98483+0.00026
−0.00026

p2 [%] 0.5071 0.5088+0.0029
−0.0023 0.5088+0.0029

−0.0023 0.5075+0.0044
−0.0028

bB∗ 0.00 0.02+0.13
−0.14 0.01+0.14

−0.14 0.00+0.19
−0.19

T̃B∗ [s] 15882 15896+26
−26 15896+26

−26 15883+27
−27

PSB [days] 23.995 23.984+0.031
−0.031 23.987+0.029

−0.034 -

φSB [◦] 40 34+70
−29 143+46

−77 -

s 0.01834 0.01842+0.00048
−0.00049 0.01843+0.00048

−0.00049 0.00000

aSB/R∗ 2.509 2.481+0.045
−0.044 2.478+0.044

−0.044 -

bSB −0.1 −0.02+0.61
−0.83 −0.09+0.57

−0.59 -

ΩSB [◦] 5 11+29
−70 7+48

−77 -

MS/MP 0.0583 0.0622+0.0076
−0.0070 0.0619+0.0084

−0.0067 0.0000

Physical params.

M∗ [M$] 0.400 0.399+0.061
−0.064 0.403+0.061

−0.066 -

R∗ [R$] 0.500 0.504+0.025
−0.029 0.506+0.025

−0.029 -

MP [MJ ] 0.0540 0.0537+0.0055
−0.0061 0.0541+0.0055

−0.0063 -

RP [MJ ] 0.346 0.350+0.018
−0.020 0.351+0.018

−0.020 -

MS [M⊕] 1.00 1.05+0.13
−0.12 1.06+0.13

−0.12 -

RS [R⊕] 1.000 1.011+0.059
−0.064 1.015+0.059

−0.065 -

ρS [g cm−3] 5.50 5.62+1.03
−0.85 5.58+1.07

−0.82 -

~10% uncertainties on M*

~5% uncertainties on R*

Moons directly yield density of the planet, useful 
for vetting.
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III. Modeling
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Observational 
Consequences

Modeling 
Algorithm

Tuesday, July 17, 2012



Modeling Algorithms
• Kipping (2012); analytic, dynamic algorithm called 

LUNA [analytic solution is public]

• Tusnksi & Valio (2011); circular, coplanar moons 
only [availability unknown]

• Pal (2012); not specific for moons, simulates 
mutual events [code is public]

• Sato & Asada (2009); circular, coplanar, no LD 
[availability unknown]

• Simon, Szabó & Szatmáry (2009); sparse details

• Sartoretti & Schneider (1999); sparse details

Tuesday, July 17, 2012



Neptune in hab-zone of M2 dwarf with close-in 
prograde Earth-mass and radius moon
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LUNA: A transit algorithm for exomoons 17
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Figure 6. Left panel: Simulation from LUNA of a habitable-zone Neptune with a close, prograde, Earth-like moon for an M2 host star.
Right panel: Noised data (circles) of 250 ppm per minute overlaid with best fit from an MCMC routine (solid).

Table 5. Comparison of parameter estimates from various model assumptions used in the fits. Data generated for a Neptune with a
close moon around an M2 star.

Parameter Truth Prograde Retrograde No Moon

χ2 8786.35 8773.48 8775.23 9414.23
BIC - 8891.31 8893.07 9468.62

Fitted params.

PB∗ [days] 46.000000 45.999997+0.000077
−0.000075 46.000000+0.000080

−0.000078 45.999999+0.000085
−0.000085

τB∗ [BJD - 2454000] 956.00000 956.00001+0.00023
−0.00024 956.00000+0.00024

−0.00024 955.99996+0.00026
−0.00026

p2 [%] 0.5071 0.5082+0.0042
−0.0041 0.5082+0.0042

−0.0042 0.5306+0.0038
−0.0027

bB∗ 0.00 −0.02+0.15
−0.14 0.02+0.14

−0.14 0.01+0.16
−0.17

T̃B∗ [s] 15882 15877+26
−26 15877+26

−26 15895+26
−26

PSB [days] 0.3142001 0.3142029+0.0000067
−0.0000066 0.3142026+0.0000069

−0.0000068 -

φSB [◦] 40 71+24
−40 21+12

−14 -

s 0.0183 0.0181+0.0011
−0.0011 0.0182+0.0012

−0.0011 0.0000

aSB/R∗ 0.139 0.134+0.012
−0.014 0.129+0.013

−0.015 -

bSB −0.1 −0.21+1.25
−0.95 0.04+0.58

−0.64 -

ΩSB [◦] 5 34+30
−39 −76+14

−12 -

MS/MP 0.058 0.073+0.027
−0.020 0.0694+0.019

−0.018 0.000

Physical params.

M∗ [M$] 0.40 0.45+0.66
−0.23 0.69+1.27

−0.39 -

R∗ [R$] 0.50 0.52+0.19
−0.11 0.61+0.25

−0.15 -

MP [MJ ] 0.054 0.057+0.047
−0.022 0.077+0.076

−0.032 -

RP [MJ ] 0.346 0.363+0.128
−0.078 0.42+0.17

−0.10 -

MS [M⊕] 1.00 1.31+1.34
−0.58 1.64+2.08

−0.79 -

RS [R⊕] 1.00 1.03+0.38
−0.22 1.19+0.54

−0.29 -

ρS [g cm−3] 5.5 6.5+3.0
−2.2 5.2+2.2

−1.8 -

Neptune in hab-zone of M2 dwarf with close-in 
prograde Earth-mass and radius moon

Tuesday, July 17, 2012
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Figure 6. Left panel: Simulation from LUNA of a habitable-zone Neptune with a close, prograde, Earth-like moon for an M2 host star.
Right panel: Noised data (circles) of 250 ppm per minute overlaid with best fit from an MCMC routine (solid).

Table 5. Comparison of parameter estimates from various model assumptions used in the fits. Data generated for a Neptune with a
close moon around an M2 star.

Parameter Truth Prograde Retrograde No Moon

χ2 8786.35 8773.48 8775.23 9414.23
BIC - 8891.31 8893.07 9468.62

Fitted params.

PB∗ [days] 46.000000 45.999997+0.000077
−0.000075 46.000000+0.000080

−0.000078 45.999999+0.000085
−0.000085

τB∗ [BJD - 2454000] 956.00000 956.00001+0.00023
−0.00024 956.00000+0.00024

−0.00024 955.99996+0.00026
−0.00026

p2 [%] 0.5071 0.5082+0.0042
−0.0041 0.5082+0.0042

−0.0042 0.5306+0.0038
−0.0027

bB∗ 0.00 −0.02+0.15
−0.14 0.02+0.14

−0.14 0.01+0.16
−0.17

T̃B∗ [s] 15882 15877+26
−26 15877+26

−26 15895+26
−26

PSB [days] 0.3142001 0.3142029+0.0000067
−0.0000066 0.3142026+0.0000069

−0.0000068 -

φSB [◦] 40 71+24
−40 21+12

−14 -

s 0.0183 0.0181+0.0011
−0.0011 0.0182+0.0012

−0.0011 0.0000

aSB/R∗ 0.139 0.134+0.012
−0.014 0.129+0.013

−0.015 -

bSB −0.1 −0.21+1.25
−0.95 0.04+0.58

−0.64 -

ΩSB [◦] 5 34+30
−39 −76+14

−12 -

MS/MP 0.058 0.073+0.027
−0.020 0.0694+0.019

−0.018 0.000

Physical params.

M∗ [M$] 0.40 0.45+0.66
−0.23 0.69+1.27

−0.39 -

R∗ [R$] 0.50 0.52+0.19
−0.11 0.61+0.25

−0.15 -

MP [MJ ] 0.054 0.057+0.047
−0.022 0.077+0.076

−0.032 -

RP [MJ ] 0.346 0.363+0.128
−0.078 0.42+0.17

−0.10 -

MS [M⊕] 1.00 1.31+1.34
−0.58 1.64+2.08

−0.79 -

RS [R⊕] 1.00 1.03+0.38
−0.22 1.19+0.54

−0.29 -

ρS [g cm−3] 5.5 6.5+3.0
−2.2 5.2+2.2

−1.8 -

Neptune in hab-zone of M2 dwarf with close-in 
prograde Earth-mass and radius moon

24-sigma detection for typical Kepler noise

Tuesday, July 17, 2012
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Figure 7. Left panel: Simulation from LUNA of a habitable-zone Neptune with a distant, retrograde, Earth-like moon for an M2 host
star. Right panel: Noised data (circles) of 250 ppm per minute overlaid with best fit from an MCMC routine (solid).

Table 6. Comparison of parameter estimates from various model assumptions used in the fits. Data generated for a Neptune with a
distant moon around an M2 star.

Parameter Truth Retrograde Prograde No Moon

χ2 8529.95 8518.65 8518.68 11477.45
BIC - 8636.48 8636.51 11531.83

Fitted params.

PB∗ [days] 46.000000 45.99964+0.00061
−0.00064 45.99967+0.00058

−0.00072 46.005178+0.000084
−0.000085

τB∗ [BJD - 2454000] 956.00000 956.0010+0.0019
−0.0018 956.0010+0.0021

−0.0017 955.98483+0.00026
−0.00026

p2 [%] 0.5071 0.5088+0.0029
−0.0023 0.5088+0.0029

−0.0023 0.5075+0.0044
−0.0028

bB∗ 0.00 0.02+0.13
−0.14 0.01+0.14

−0.14 0.00+0.19
−0.19

T̃B∗ [s] 15882 15896+26
−26 15896+26

−26 15883+27
−27

PSB [days] 23.995 23.984+0.031
−0.031 23.987+0.029

−0.034 -

φSB [◦] 40 34+70
−29 143+46

−77 -

s 0.01834 0.01842+0.00048
−0.00049 0.01843+0.00048

−0.00049 0.00000

aSB/R∗ 2.509 2.481+0.045
−0.044 2.478+0.044

−0.044 -

bSB −0.1 −0.02+0.61
−0.83 −0.09+0.57

−0.59 -

ΩSB [◦] 5 11+29
−70 7+48

−77 -

MS/MP 0.0583 0.0622+0.0076
−0.0070 0.0619+0.0084

−0.0067 0.0000

Physical params.

M∗ [M$] 0.400 0.399+0.061
−0.064 0.403+0.061

−0.066 -

R∗ [R$] 0.500 0.504+0.025
−0.029 0.506+0.025

−0.029 -

MP [MJ ] 0.0540 0.0537+0.0055
−0.0061 0.0541+0.0055

−0.0063 -

RP [MJ ] 0.346 0.350+0.018
−0.020 0.351+0.018

−0.020 -

MS [M⊕] 1.00 1.05+0.13
−0.12 1.06+0.13

−0.12 -

RS [R⊕] 1.000 1.011+0.059
−0.064 1.015+0.059

−0.065 -

ρS [g cm−3] 5.50 5.62+1.03
−0.85 5.58+1.07

−0.82 -

Neptune in hab-zone of M2 dwarf with far-out 
retrograde Earth-mass and radius moon

Tuesday, July 17, 2012
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Figure 7. Left panel: Simulation from LUNA of a habitable-zone Neptune with a distant, retrograde, Earth-like moon for an M2 host
star. Right panel: Noised data (circles) of 250 ppm per minute overlaid with best fit from an MCMC routine (solid).

Table 6. Comparison of parameter estimates from various model assumptions used in the fits. Data generated for a Neptune with a
distant moon around an M2 star.

Parameter Truth Retrograde Prograde No Moon

χ2 8529.95 8518.65 8518.68 11477.45
BIC - 8636.48 8636.51 11531.83

Fitted params.

PB∗ [days] 46.000000 45.99964+0.00061
−0.00064 45.99967+0.00058

−0.00072 46.005178+0.000084
−0.000085

τB∗ [BJD - 2454000] 956.00000 956.0010+0.0019
−0.0018 956.0010+0.0021

−0.0017 955.98483+0.00026
−0.00026

p2 [%] 0.5071 0.5088+0.0029
−0.0023 0.5088+0.0029

−0.0023 0.5075+0.0044
−0.0028

bB∗ 0.00 0.02+0.13
−0.14 0.01+0.14

−0.14 0.00+0.19
−0.19

T̃B∗ [s] 15882 15896+26
−26 15896+26

−26 15883+27
−27

PSB [days] 23.995 23.984+0.031
−0.031 23.987+0.029

−0.034 -

φSB [◦] 40 34+70
−29 143+46

−77 -

s 0.01834 0.01842+0.00048
−0.00049 0.01843+0.00048

−0.00049 0.00000

aSB/R∗ 2.509 2.481+0.045
−0.044 2.478+0.044

−0.044 -

bSB −0.1 −0.02+0.61
−0.83 −0.09+0.57

−0.59 -

ΩSB [◦] 5 11+29
−70 7+48

−77 -

MS/MP 0.0583 0.0622+0.0076
−0.0070 0.0619+0.0084

−0.0067 0.0000

Physical params.

M∗ [M$] 0.400 0.399+0.061
−0.064 0.403+0.061

−0.066 -

R∗ [R$] 0.500 0.504+0.025
−0.029 0.506+0.025

−0.029 -

MP [MJ ] 0.0540 0.0537+0.0055
−0.0061 0.0541+0.0055

−0.0063 -

RP [MJ ] 0.346 0.350+0.018
−0.020 0.351+0.018

−0.020 -

MS [M⊕] 1.00 1.05+0.13
−0.12 1.06+0.13

−0.12 -

RS [R⊕] 1.000 1.011+0.059
−0.064 1.015+0.059

−0.065 -

ρS [g cm−3] 5.50 5.62+1.03
−0.85 5.58+1.07

−0.82 -

Neptune in hab-zone of M2 dwarf with far-out 
retrograde Earth-mass and radius moon

50-sigma detection for typical Kepler noise
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Ongoing Searches

• Hunt for Exomoons with Kepler (HEK) 
project using public Kepler data (Kipping et 
al. 2012) [see www.exomoon.eu]

• PlanetHunters.org (Fischer et al. 2011)

• Kepler Science Team (Borucki et al. 2009)

Tuesday, July 17, 2012
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HEK: The Hunt for 
Exomoons with Kepler
• The first systematic search for transiting 

exomoons.

• Using public Kepler data

• Utilizing LUNA to identify exomoons

• Primary goal: detect a transiting exomoon(s)

• Secondary goal: obtain upper limits

• Tertiary goal: determine the frequency of 
large moons around viable planet hosts, η☾
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Search Methods

• Visual inspection e.g. PlanetHunters.org 
(Fischer et al. 2011)

• Scatter-peak (Simon et al. 2011)

• Epicyclic folding (Parker 2012, see POP 
presentation by Alex)

• Full model regression e.g. HEK project 
(Kipping et al. 2012)
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Practical suggestion on detecting exomoons 5

Kepler LC Kepler SC PLATO

Figure 3. Normalized scatter peaks due to moon transits in sample simulations. Each consecutive row shows 10 curves with Kepler
short cadence, long cadence and expected PLATO simulations. Figure lines show simulations of an 1 RJupiter planet with a moon of
0.5, 0.7, 0.8, 0.9, 1.0 REarth, respectively.

4.4 Decision making

In the final step we decide whether there is a convincingly
high Scatter Peak in the data. Even in the no-moon case, the
smoothed residuals can mimic a Scatter Peak just by chance,
because of numerical fluctuations. A convincingly high Scat-
ter Peak means such a peak value which infrequently (False
Alarm Probability, FAP ) evolves from random fluctuations.
A Scatter Peak is convincing if the specificity, 1 − FAP , is
close to 1.

The most simple strategy is to observe whether the
observed scatter curve exceeds a pre-set threshold level at
the time of the transit (i.e., the local scatter is significantly
higher than the average scatter plus a few the scatter of the
scatter, which means that the scatter has really increased,
and we do not see the result of simple numerical fluctu-
ations). A lower threshold increases the sensitivity and de-
creases the size limit, but the false alarm probability worsens
if the value is set too low. Balancing between sensitivity and
specificity sets up the lowest appropriate threshold level. To
do this, we first decide the specificity of the desired detection
rate, and then simulate and evaluate many (thousands) of
no-moon events. The threshold level belonging to the given
specificity is the upper bound of the lowest 1 − FAP pro-
portion of scatter peaks. If the observed height of the peak
exceeds the threshold level we accept the positive detection.

If one suspects the act of any other process which can
lead to a Scatter Peak, this process must be modelled and
incorporated in selecting a threshold level. E.g., in the case of
an active star, a spotted stellar model can be fitted. The null
event has to be simulated with this spotted stellar model,
and the threshold level has to be determined in reference to
these light curves.

4.5 Weighting

A modified implementation of this method involves the ap-
propriate weighting of photometric residuals, instead of a
boxcar smoothing. This will be necessary whenever data of
different quality is available. When smoothing in the boxcar
(Sect. 4.4), the expectation for the mean value of the scatter
is calculated as, of course,

scãtterboxcar =

√
1
N

∑

∀i in boxcar

r2i , (6)

where ri is the residuals inside the boxcar, N is the number
of data points, and ˜ denotes a estimate.

If the errors of different data points differ, this formu-
lation requires weighting to keep the least-square property
of our estimator. In this case the scatter in the boxcar will
be estimated as:

scãtterboxcar =

√√√√
(

∑

∀i in boxcar

1
σ2
i

)−1 ∑

∀i in boxcar

r2i
σ2
i

, (7)

where σi is the error of the ith datapoint. Although Eq. 7
is proportional to the statistic which is usually tested with
χ2 distribution, we keep suggesting a non-parametric eval-
uation of the weighted scatter, such as described in Sect.
4.4. This is because χ2 evaluation assumes that data points
come from normal distributions. This is not strictly true in
the general case. This improper assumption introduces a lit-
tle bias, which may easily hide the little signal that we are
looking for, or may result in a false alarm. The detection
threshold must always be derived from the statistics of the
out-of-transit scatter.
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EPICYCLIC PHASE FOLDING
A transit photometry method for detecting hierarchical triple systems,
such as exomoons and circumbinary planets.
Assumptions:

- Hierarchical dynamics: outer and inner binaries are well-represented by Keplerian motion.
- One binary is well-characterized by other methods (eg., orbit of exomoon host planet is well-defined).
- Transits (including timing and duration variations) of one binary are already removed with reasonable accuracy.

Merits:
- Correlates quasiperiodic signal from target binary component.
- Computational compromise between purely periodic searches (eg., BLS) or non-

physically confined quasiperiodic searches (eg., QATS), and full photodynamical 
models (eg., LUNA).

- “Flux-reattribution” accounts for signal lost from exomoon transits due to 
imperfect subtraction of host planet transits, and supresses spurious signals with 
close to zero phase offset from host planet.

-  Trivially accounts for mutual events.
- Only considers physical orbits.
- Trivially accounts for timing and duration variations.

Epicyclic ephemeris (circular, coplanar exomoon case):
Fold on two epherides: (1) linear ephemeris of host planet (2) linear ephemeris of proposed satellite, 
with guiding center placed on host planet. For circular, coplanar case:

Alex Harrison Parker
Harvard-Smithsonian Center for Astrophysics

aparker@cfa.harvard.edu

EPF example
Above right: A simulated exomoon lightcurve (contribution from host planet removed, provided by 
David Kipping with LUNA), folded on the planet’s ephemeris. Signal is not coherently combined, resulting 
in lost signal-to-noise.
Above left: Results of EPF + “Divide and Conquor” minimizer algorithm.  All exomoon transits are 
coherently folded, and exomoon orbital posterior distributions are illustrated (+ mark true parameters). 
Red points mark where EPF identified likely mutual events from geometry alone (with no flux 
information), with clear success.

Exomoon transits, folded on 
linear ephemeris of host planet

Moon period vs. 
initial phase

Moon period vs. 
moon semi-major axis

Initial phase vs. 
moon semi-major axis

Correlated by EPF

Points flagged as 
mutual events
by geometry only

++

+

Epicyclic phase folding: 
exomoon example
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The version of this mechanism presented here is only cursorily refined, with an eye to com-
putational speed rather than absolute accuracy and generality — our motivation was to simply
produce a reduced parameter volume over which to search for exomoon transit signals. It is our
goal to use this mechanism to rapidly identify exomoon candidates in large time-series datasets,
and with this smaller sample of candidates further refinement can be made on a case-by-case basis
using more sophisticated techniques.

2. Epicycle Phase Folding

We are interested in adding a new term to the ubiquitous linear ephemeris folding which
accounts for the planetocentric motion of a putative satellite. For a circular circumstellar orbit
with inclination with respect to the line of sight of ip = 90◦, the separation of the center of the
planet with respect to the center of the host star at time t is simply

yp→� = ap sin
�

2π(t− t0)
τp

�
, (1)

where ap is the planet’s semi-major axis, t0 is the central time of an arbitrarily chosen transit, and
τp is the orbital period of the planet. It is convenient to work in units of the host star’s radius, so
that |yp→�| � 1 would indicate the occurrence of a transit. All of these parameters can be estimated
by the properties of the planet’s transits alone, and so are not left as free parameters during the
search for a satellite.

The separation from the satellite to the planet is given by a similar expression,

ys→p = as sin
�

2π(t− t0)
τa

+ θ0

�
, (2)

where as is the satellite’s semi-major axis with respect to the planet, θ0 is the orbital phase of
the satellite at time t0, and τs is the satellite’s sidereal orbital period about the planet. These
parameters are unknown a priori and must be fit for, and thus the value of ys→p must be re-
evaluated repeatedly while the value of yp→� need only be evaluated once and stored as an array.

The separation of the satellite with respect to the photosphere of the star (as projected onto
the sky) is given by adding this second term — the “epicycle” — to the position of the planet,

ys→� = ys→p + yp→�, (3)

and as with the planet’s transits, if the units of length are in multiples of the host star’s radius,
|ys→�| � 1 would indicate the occurrence of a transit of the star by the satellite.
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Planet-star separation
(ephemeris 1):

Satellite-planet separation
(ephemeris 2):

Satellite-star separation
(EPF ephemeris):
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The separation of the satellite with respect to the center of the star is therefore

r2
s→� = (xs→p + xp→�)2 + (ys→p + yp→�)2, (8)

where r2
s→� � 1 again indicates a transit.

2.1.2. Correcting flux lost to planet transit removal

If an exomoon is present in a transiting exoplanet’s lightcurve, some of the depth of the signal
attributed to the exoplanet’s transit will be due to the transits of the exomoon. This will result
in the transit curve fit to the planet being too deep, and when this is subtracted from individual
transits will lead to increased scatter around the mean and the suppression of the moon’s transit
signal in cases where the moon’s and planet’s transits overlap.

For a proposed set of exomoon orbit parameters, we can estimate the fraction of the moon’s
transit signal which will be attributed as the exoplanet’s signal. In the simplest approximation, it
is the fraction of time that the moon and the planet are both transiting simultaneously over the
fraction of time where the moon is transiting (regardless of the planet’s phase). Therefore, the
fraction of the moon’s signal which contributes erroneously to the planet’s signal is approximately

fmix �
N(where r2

s→� < 1 and r2
p→� < 1)

N(where r2
s→� < 1)

(9)

fmix �
N(where ys→� < 1 and yp→� < 1)

N(where ys→� < 1)
(10)

Without positing a radius for the exomoon, however, we cannot determine the absolute ampli-
tude that this erroneous signal contributes to the planet’s folded transits. One might try to simply
scale the confidence of detection of an exomoon transit by the reciprocal of fmix to get a rough
idea of the confidence of the detection when accounting for the flux lost to blending. However, this
ignores valuable phase information that can contribute to a more meaningful statistic of confidence.

Upon proposing a set of orbital parameters for an exomoon, it is immediately possible to
determine which photometric points where obtained during either (a) a solitary transit of the
moon (b) a mutual transit of the planet and the moon or (c) a solitary transit of the planet. If
we have already subtracted the planet’s transit lightcurve, then if the subtraction was perfect then
the data points in (b) should only have contribution from the moon and data points in (c) should
be equal to the normalized out-of-transit flux value (eg., 1). However, because of the mixing of
the moon and planet transit signal, some of the moon’s flux will have been removed from (b) and
re-attributed to (c). The method we propose to correct this is as follows:

Fraction of satellite transit signal 
lost to host planet transit removal:

– 5 –

1. Flag all data points which should contain only planetary transit contributions given a set

of moon orbit parameters. Find their mean value �fPTo� (which should be greater than the

normalized flux value, eg. �fPTo� > 1).

2. Flag all data points which should contain both contribution from the planet’s transit and

from the moon’s transit. Subtract �fPTo� from these data points and all data points flagged

in Step 1.

This will have the effect of blindly correcting for the misattribution of signal from the moon’s

transits. Because the number of data points from which the mean value �fPTo� is determined is

finite, it becomes necessary to incorporate a new term into the significance-of-detection estimate

in order to treat the additional uncertainty on the mean added by this correction. If we assume

that the standard deviation on the data points is constant throughout time, then the corrected

significance is

Scorr =
d
√

NM

σ
�

1 + NP∧M/NP∧¬M

, (11)

where NMT is the number of data points inside the moon’s transits, NMPT is the number of data

points where the moon and planet are transiting simultaneously, and NPTo is the number of data

points inside the planet’s transits excluding those in which the moon is transiting as well.

Given a few simplifying assumptions, we can use Eqn. 10 to determine the loss in sensitivity

to exomoons on circular, coplanar orbits as a function of decreasing as. Over many satellite orbital

periods, the average projected separation of the satellite and the planet is 2as/π ∼ 0.64as. For

as � πR�/2 and assuming that the average duration of transits of the satellite and the planet are

approximately equal, the term
�

1 + NMPT /NPTo �
�

π/(2as). As a concrete example, a given

survey would be roughly twice as sensitive to satellites on Callisto’s orbit about Jupiter as they

would be to satellites on Io’s orbit (
�

a�IV
/a�I

∼
�

1.9× 106 km/4.2× 105 km ∼ 2.03)

3. Implementation: Two-step algorithm

To further reduce the computing time required to search for an exomoon signal, we implement

the epicyclic phase folding in a two-step process. The folding equations can be broken into com-

ponents which require significant trigonometric calculations (depending on the angular arguments

of the proposed orbits) and into components which are multiplicatively scaled by the proposed

semi-major axis of the exomoon. Thus, if at first a proposal is made for a set of angular arguments,

and the trigonometric components are evaluated once, it is computationally efficient to explore a

number of semi-major axes at this time, as multiplicative scaling of an array is computationally

trivial. In the “outer loop” we search over inclination, node, mean anomaly, and satellite period

and use Monte Carlo techniques to explore the parameter space. In the “inner loop” we search

Corrected significance of transit 
after flux re-attribution:

– 5 –

1. Flag all data points which should contain only planetary transit contributions given a set

of moon orbit parameters. Find their mean value �fPTo� (which should be greater than the

normalized flux value, eg. �fPTo� > 1).
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significance is

Scorr =
d
√

NM

σ
�

1 + NP∧M/NP∧¬M

, (11)

d Depth of exomoon transit signal

σ Standard deviation of data

NM # of points where ys→� < 1

NP∧M # of points where yp→� < 1 and ys→� < 1

NP∧¬M # of points where yp→� < 1 and ys→� > 1

where NMT is the number of data points inside the moon’s transits, NMPT is the number of data

points where the moon and planet are transiting simultaneously, and NPTo is the number of data

points inside the planet’s transits excluding those in which the moon is transiting as well.

Given a few simplifying assumptions, we can use Eqn. 11 to determine the loss in sensitivity

to exomoons on circular, coplanar orbits as a function of decreasing as. Over many satellite orbital

periods, the average projected separation of the satellite and the planet is 2as/π ∼ 0.64as. For

as � πR�/2 and assuming that the average duration of transits of the satellite and the planet are

approximately equal, the term
�

1 + NMPT /NPTo �
�

π/(2as). As a concrete example, a given

survey would be roughly twice as sensitive to satellites on Callisto’s orbit about Jupiter as they

would be to satellites on Io’s orbit (
�

a�IV
/a�I

∼
�

1.9× 106 km/4.2× 105 km ∼ 2.03)

3. Implementation: Two-step algorithm

To further reduce the computing time required to search for an exomoon signal, we implement

the epicyclic phase folding in a two-step process. The folding equations can be broken into com-

ponents which require significant trigonometric calculations (depending on the angular arguments

Contact me for details 
and example cases
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Search Methods

• Visual inspection e.g. PlanetHunters.org 
(Fischer et al. 2011)

• Scatter-peak (Simon et al. 2011)

• Epicyclic folding (Parker 2012, see POP 
presentation by Alex)

• Full model regression e.g. HEK project 
(Kipping et al. 2012)
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Search Methods

• Visual inspection e.g. PlanetHunters.org 
(Fischer et al. 2011)

• Scatter-peak (Simon et al. 2011)

• Epicyclic folding (Parker 2012, see POP 
presentation by Alex)

• Full model regression e.g. HEK project 
(Kipping et al. 2012)
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IV. Challenges
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1. Target Selection

• There are >2300 KOIs to choose from.

• Depending on the efficiency of your search, 
only a fraction of these can be practically 
analyzed.

• Target selection by dynamics, visual 
anomalies, bright/quiet stars, etc often 
required

Tuesday, July 17, 2012



2. Period Searches Are Tough

PP  
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Figure 7. Left panel: Simulation from LUNA of a habitable-zone Neptune with a distant, retrograde, Earth-like moon for an M2 host
star. Right panel: Noised data (circles) of 250 ppm per minute overlaid with best fit from an MCMC routine (solid).

Table 6. Comparison of parameter estimates from various model assumptions used in the fits. Data generated for a Neptune with a
distant moon around an M2 star.

Parameter Truth Retrograde Prograde No Moon

χ2 8529.95 8518.65 8518.68 11477.45
BIC - 8636.48 8636.51 11531.83

Fitted params.

PB∗ [days] 46.000000 45.99964+0.00061
−0.00064 45.99967+0.00058

−0.00072 46.005178+0.000084
−0.000085

τB∗ [BJD - 2454000] 956.00000 956.0010+0.0019
−0.0018 956.0010+0.0021

−0.0017 955.98483+0.00026
−0.00026

p2 [%] 0.5071 0.5088+0.0029
−0.0023 0.5088+0.0029

−0.0023 0.5075+0.0044
−0.0028

bB∗ 0.00 0.02+0.13
−0.14 0.01+0.14

−0.14 0.00+0.19
−0.19

T̃B∗ [s] 15882 15896+26
−26 15896+26

−26 15883+27
−27

PSB [days] 23.995 23.984+0.031
−0.031 23.987+0.029

−0.034 -

φSB [◦] 40 34+70
−29 143+46

−77 -

s 0.01834 0.01842+0.00048
−0.00049 0.01843+0.00048

−0.00049 0.00000

aSB/R∗ 2.509 2.481+0.045
−0.044 2.478+0.044

−0.044 -

bSB −0.1 −0.02+0.61
−0.83 −0.09+0.57

−0.59 -

ΩSB [◦] 5 11+29
−70 7+48

−77 -

MS/MP 0.0583 0.0622+0.0076
−0.0070 0.0619+0.0084

−0.0067 0.0000

Physical params.

M∗ [M$] 0.400 0.399+0.061
−0.064 0.403+0.061

−0.066 -

R∗ [R$] 0.500 0.504+0.025
−0.029 0.506+0.025

−0.029 -

MP [MJ ] 0.0540 0.0537+0.0055
−0.0061 0.0541+0.0055

−0.0063 -

RP [MJ ] 0.346 0.350+0.018
−0.020 0.351+0.018

−0.020 -

MS [M⊕] 1.00 1.05+0.13
−0.12 1.06+0.13

−0.12 -

RS [R⊕] 1.000 1.011+0.059
−0.064 1.015+0.059

−0.065 -

ρS [g cm−3] 5.50 5.62+1.03
−0.85 5.58+1.07

−0.82 -

2. Period Searches Are Tough
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Figure 7. Left panel: Simulation from LUNA of a habitable-zone Neptune with a distant, retrograde, Earth-like moon for an M2 host
star. Right panel: Noised data (circles) of 250 ppm per minute overlaid with best fit from an MCMC routine (solid).

Table 6. Comparison of parameter estimates from various model assumptions used in the fits. Data generated for a Neptune with a
distant moon around an M2 star.

Parameter Truth Retrograde Prograde No Moon

χ2 8529.95 8518.65 8518.68 11477.45
BIC - 8636.48 8636.51 11531.83

Fitted params.

PB∗ [days] 46.000000 45.99964+0.00061
−0.00064 45.99967+0.00058

−0.00072 46.005178+0.000084
−0.000085

τB∗ [BJD - 2454000] 956.00000 956.0010+0.0019
−0.0018 956.0010+0.0021

−0.0017 955.98483+0.00026
−0.00026

p2 [%] 0.5071 0.5088+0.0029
−0.0023 0.5088+0.0029

−0.0023 0.5075+0.0044
−0.0028

bB∗ 0.00 0.02+0.13
−0.14 0.01+0.14

−0.14 0.00+0.19
−0.19

T̃B∗ [s] 15882 15896+26
−26 15896+26

−26 15883+27
−27

PSB [days] 23.995 23.984+0.031
−0.031 23.987+0.029

−0.034 -

φSB [◦] 40 34+70
−29 143+46

−77 -

s 0.01834 0.01842+0.00048
−0.00049 0.01843+0.00048

−0.00049 0.00000

aSB/R∗ 2.509 2.481+0.045
−0.044 2.478+0.044

−0.044 -

bSB −0.1 −0.02+0.61
−0.83 −0.09+0.57

−0.59 -

ΩSB [◦] 5 11+29
−70 7+48

−77 -

MS/MP 0.0583 0.0622+0.0076
−0.0070 0.0619+0.0084

−0.0067 0.0000

Physical params.

M∗ [M$] 0.400 0.399+0.061
−0.064 0.403+0.061

−0.066 -

R∗ [R$] 0.500 0.504+0.025
−0.029 0.506+0.025

−0.029 -

MP [MJ ] 0.0540 0.0537+0.0055
−0.0061 0.0541+0.0055

−0.0063 -

RP [MJ ] 0.346 0.350+0.018
−0.020 0.351+0.018

−0.020 -

MS [M⊕] 1.00 1.05+0.13
−0.12 1.06+0.13

−0.12 -

RS [R⊕] 1.000 1.011+0.059
−0.064 1.015+0.059

−0.065 -

ρS [g cm−3] 5.50 5.62+1.03
−0.85 5.58+1.07

−0.82 -

• Multiple modes present

2. Period Searches Are Tough
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Figure 7. Left panel: Simulation from LUNA of a habitable-zone Neptune with a distant, retrograde, Earth-like moon for an M2 host
star. Right panel: Noised data (circles) of 250 ppm per minute overlaid with best fit from an MCMC routine (solid).

Table 6. Comparison of parameter estimates from various model assumptions used in the fits. Data generated for a Neptune with a
distant moon around an M2 star.

Parameter Truth Retrograde Prograde No Moon

χ2 8529.95 8518.65 8518.68 11477.45
BIC - 8636.48 8636.51 11531.83

Fitted params.

PB∗ [days] 46.000000 45.99964+0.00061
−0.00064 45.99967+0.00058

−0.00072 46.005178+0.000084
−0.000085

τB∗ [BJD - 2454000] 956.00000 956.0010+0.0019
−0.0018 956.0010+0.0021

−0.0017 955.98483+0.00026
−0.00026

p2 [%] 0.5071 0.5088+0.0029
−0.0023 0.5088+0.0029

−0.0023 0.5075+0.0044
−0.0028

bB∗ 0.00 0.02+0.13
−0.14 0.01+0.14

−0.14 0.00+0.19
−0.19

T̃B∗ [s] 15882 15896+26
−26 15896+26

−26 15883+27
−27

PSB [days] 23.995 23.984+0.031
−0.031 23.987+0.029

−0.034 -

φSB [◦] 40 34+70
−29 143+46

−77 -

s 0.01834 0.01842+0.00048
−0.00049 0.01843+0.00048

−0.00049 0.00000

aSB/R∗ 2.509 2.481+0.045
−0.044 2.478+0.044

−0.044 -

bSB −0.1 −0.02+0.61
−0.83 −0.09+0.57

−0.59 -

ΩSB [◦] 5 11+29
−70 7+48

−77 -

MS/MP 0.0583 0.0622+0.0076
−0.0070 0.0619+0.0084

−0.0067 0.0000

Physical params.

M∗ [M$] 0.400 0.399+0.061
−0.064 0.403+0.061

−0.066 -

R∗ [R$] 0.500 0.504+0.025
−0.029 0.506+0.025

−0.029 -

MP [MJ ] 0.0540 0.0537+0.0055
−0.0061 0.0541+0.0055

−0.0063 -

RP [MJ ] 0.346 0.350+0.018
−0.020 0.351+0.018

−0.020 -

MS [M⊕] 1.00 1.05+0.13
−0.12 1.06+0.13

−0.12 -

RS [R⊕] 1.000 1.011+0.059
−0.064 1.015+0.059

−0.065 -

ρS [g cm−3] 5.50 5.62+1.03
−0.85 5.58+1.07

−0.82 -

• Multiple modes present

• Very challenging to 
visually guess where 
these modes will occur

2. Period Searches Are Tough

Tuesday, July 17, 2012
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Figure 7. Left panel: Simulation from LUNA of a habitable-zone Neptune with a distant, retrograde, Earth-like moon for an M2 host
star. Right panel: Noised data (circles) of 250 ppm per minute overlaid with best fit from an MCMC routine (solid).

Table 6. Comparison of parameter estimates from various model assumptions used in the fits. Data generated for a Neptune with a
distant moon around an M2 star.

Parameter Truth Retrograde Prograde No Moon

χ2 8529.95 8518.65 8518.68 11477.45
BIC - 8636.48 8636.51 11531.83

Fitted params.

PB∗ [days] 46.000000 45.99964+0.00061
−0.00064 45.99967+0.00058

−0.00072 46.005178+0.000084
−0.000085

τB∗ [BJD - 2454000] 956.00000 956.0010+0.0019
−0.0018 956.0010+0.0021

−0.0017 955.98483+0.00026
−0.00026

p2 [%] 0.5071 0.5088+0.0029
−0.0023 0.5088+0.0029

−0.0023 0.5075+0.0044
−0.0028

bB∗ 0.00 0.02+0.13
−0.14 0.01+0.14

−0.14 0.00+0.19
−0.19

T̃B∗ [s] 15882 15896+26
−26 15896+26

−26 15883+27
−27

PSB [days] 23.995 23.984+0.031
−0.031 23.987+0.029

−0.034 -

φSB [◦] 40 34+70
−29 143+46

−77 -

s 0.01834 0.01842+0.00048
−0.00049 0.01843+0.00048

−0.00049 0.00000

aSB/R∗ 2.509 2.481+0.045
−0.044 2.478+0.044

−0.044 -

bSB −0.1 −0.02+0.61
−0.83 −0.09+0.57

−0.59 -

ΩSB [◦] 5 11+29
−70 7+48

−77 -

MS/MP 0.0583 0.0622+0.0076
−0.0070 0.0619+0.0084

−0.0067 0.0000

Physical params.

M∗ [M$] 0.400 0.399+0.061
−0.064 0.403+0.061

−0.066 -

R∗ [R$] 0.500 0.504+0.025
−0.029 0.506+0.025

−0.029 -

MP [MJ ] 0.0540 0.0537+0.0055
−0.0061 0.0541+0.0055

−0.0063 -

RP [MJ ] 0.346 0.350+0.018
−0.020 0.351+0.018

−0.020 -

MS [M⊕] 1.00 1.05+0.13
−0.12 1.06+0.13

−0.12 -

RS [R⊕] 1.000 1.011+0.059
−0.064 1.015+0.059

−0.065 -

ρS [g cm−3] 5.50 5.62+1.03
−0.85 5.58+1.07

−0.82 -

• Multiple modes present

• Very challenging to 
visually guess where 
these modes will occur

• Requires a 
comprehensive and 
multimodal 
parameter search

2. Period Searches Are Tough
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Figure 7. Left panel: Simulation from LUNA of a habitable-zone Neptune with a distant, retrograde, Earth-like moon for an M2 host
star. Right panel: Noised data (circles) of 250 ppm per minute overlaid with best fit from an MCMC routine (solid).

Table 6. Comparison of parameter estimates from various model assumptions used in the fits. Data generated for a Neptune with a
distant moon around an M2 star.

Parameter Truth Retrograde Prograde No Moon

χ2 8529.95 8518.65 8518.68 11477.45
BIC - 8636.48 8636.51 11531.83

Fitted params.

PB∗ [days] 46.000000 45.99964+0.00061
−0.00064 45.99967+0.00058

−0.00072 46.005178+0.000084
−0.000085

τB∗ [BJD - 2454000] 956.00000 956.0010+0.0019
−0.0018 956.0010+0.0021

−0.0017 955.98483+0.00026
−0.00026

p2 [%] 0.5071 0.5088+0.0029
−0.0023 0.5088+0.0029

−0.0023 0.5075+0.0044
−0.0028

bB∗ 0.00 0.02+0.13
−0.14 0.01+0.14

−0.14 0.00+0.19
−0.19

T̃B∗ [s] 15882 15896+26
−26 15896+26

−26 15883+27
−27

PSB [days] 23.995 23.984+0.031
−0.031 23.987+0.029

−0.034 -

φSB [◦] 40 34+70
−29 143+46

−77 -

s 0.01834 0.01842+0.00048
−0.00049 0.01843+0.00048

−0.00049 0.00000

aSB/R∗ 2.509 2.481+0.045
−0.044 2.478+0.044

−0.044 -

bSB −0.1 −0.02+0.61
−0.83 −0.09+0.57

−0.59 -

ΩSB [◦] 5 11+29
−70 7+48

−77 -

MS/MP 0.0583 0.0622+0.0076
−0.0070 0.0619+0.0084

−0.0067 0.0000

Physical params.

M∗ [M$] 0.400 0.399+0.061
−0.064 0.403+0.061

−0.066 -

R∗ [R$] 0.500 0.504+0.025
−0.029 0.506+0.025

−0.029 -

MP [MJ ] 0.0540 0.0537+0.0055
−0.0061 0.0541+0.0055

−0.0063 -

RP [MJ ] 0.346 0.350+0.018
−0.020 0.351+0.018

−0.020 -

MS [M⊕] 1.00 1.05+0.13
−0.12 1.06+0.13

−0.12 -

RS [R⊕] 1.000 1.011+0.059
−0.064 1.015+0.059

−0.065 -

ρS [g cm−3] 5.50 5.62+1.03
−0.85 5.58+1.07

−0.82 -

• Multiple modes present

• Very challenging to 
visually guess where 
these modes will occur

• Requires a 
comprehensive and 
multimodal 
parameter search

Suggestions...

•Multimodal nested sampling

•Parallel tempering

•Genetic algorithms

•Differential evolution

2. Period Searches Are Tough

Tuesday, July 17, 2012



3. Confounding Effects
• A second planet in the system may also induce TTVs.

• If TDVs exist, one can use the phase-trick.

• If not, one must compare whether a moon or a 
second planet explain the data better:

Moon-fit of KOI-872b 2nd planet-fit of KOI-872b

Nesvorný et al. (2012)
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3. Confounding Effects

• Starspot crossings morphologically resemble an 
exomoon mutual transit.

Rabus et al. (2009)

• Spots can reveal 
spin-orbit 
alignments (see talk 
by Roberto)...

• ...but for moon-
hunters they are a 
pain!
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3. Confounding Effects
• Spots should exhibit out-of-transit modulation 

which can be tracked.

• An absence of any such behaviour would 
detract form the spot hypothesis.

• Spots are chromatic, moons are achromatic.

• Moons allow us to determine the density of 
the planet, which can be used in vetting.

• Ultimately it would be advantageous to have a 
full starspot model for comparison

Tuesday, July 17, 2012



4. What is a “detection”?

Figure 1.6: First detected transit light curve of an exoplanet, made by Charbonneau et al. (2000) (left)

and Henry et al. (2000) (right) for HD 209458b. On the left, the solid line shows the best-fit model and

the dotted line shows the extrema of a planet which is 10% smaller or larger in radius. Left figure taken

from Charbonneau et al. (2000). Right figure taken from Henry et al. (2000).

et al., 2004) and WASP (Pollacco et al., 2006)). The resulting light curve showed a depth of around

1.5% lasting for around 3 hours. The light curve allowed for a determination of the orbital inclination

angle and thus the true planetary mass from the RV determined MP sin iP . Also, since the transit depth

is essentially (RP /R∗)2, the planetary radius could be calculated and thus the average density of HD

209458b was known. The power of transits had been demonstrated.

A spectacular follow-up paper by Brown et al. (2001) used the STIS instrument on HST to provide

the first space-based transit light curve. The stunning photometry, shown in Figure 1.7, provided an

exquisite determination of the system parameters and toyed with the idea of constraining the presence

of rings and moons.

Having finally reached the discovery of transiting exoplanets, which constitutes the major topic of

interest of this thesis, the relevant history of exoplanets has been covered, for the purposes of this thesis.

However, for completion, I will briefly overview two other known successful methods to detect exoplanets.

Methods based upon transit timing will be discussed later in the thesis, in Chapter 6.

1.3.7 Gravitational Microlensing

Gravitational microlensing is based upon the fact that massive bodies bend the apparent path of light,

in essence acting as a lens. If a star passes in front of another more distant luminous body, it causes

the luminous body to dramatically increase in brightness for a few days or weeks, depending on the

configuration. The same is true for a star with a planet except that one sees two (or more) increases in

brightness; one large increase due to the more massive star and one smaller increase due to the planet

(see Figure 1.8 for an illustration).

Microlensing favours massive planets with a wide separation leading to the detection of cold or frozen

planets. However, with a space-based mission in the form of EUCLID or WFIRST, microlensing could

29

• First transiting planet detection, HD 209458b 
(Charbonneau et al. 2000)

• Simple signal, high SNR, few alternative 
explanations
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4. What is a “detection”?

• Exomoons induce 
complex signals

• Low SNR

• Several alternative 
explanations
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4. What is a “detection”?

• Data could be due to a planet-with-moon, a 
planet with correlated noise, a planet and 
starspots, a planet + perturbing planet, etc...

• We need to perform model selection 
between these options.
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What is model selection?
• Bayesian model selection compares the 

probability of model 1, given data D, versus 
the probability of model 2, given data D.
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Figure 2. Maximum a-posteriori two-spot model fit to the 2003 MOST data of κ1 Ceti using the analytic model presented in this work.
Regression performed using MultiNest in conjunction with the 2004 & 2005 data. Residuals to the fit are offset by 0.94. Figure may
be directly comapred to Figure 4 of Walker et al. (2007), where one can see an essentially indistinguishable result.

! Allows us to detrend Kepler data with a physical model,
simultaneously yielding determinations of the star’s intrinsic
properties such as I∗ and PEQ.

! Replaces the the OOT vector in transit algorithms lead-
ing to fewer free parameters.

We require p ! 0.1 which is equivalent to sinα ! 0.1.
Thus a peak-to-peak variation below 1% guarentees the
model presented here is valid. Peak-to-peak variations in
excess of 1% may exceed this criteria if one assumes only a
single-spot is on the surface.

Pr(M1|D)
Pr(M2|D)

=
Pr(D|M1)
Pr(D|M2)

Pr(M1)
Pr(M2)

(14)
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Kipping, D. M., Bakos, G. Á., Buchhave, L., Nesvorný, D.
& Schmitt, A. 2012, ApJ, 750, 115

I. Spots in Non-Eclipsing Photometry 7

1405 1410 1415 1420 1425 1430
0.93

0.94

0.95

0.96

0.97

0.98

0.99

1.00

HJD ! 2451545

N
o
rm

a
liz

e
d

S
ig

n
a
l

Figure 2. Maximum a-posteriori two-spot model fit to the 2003 MOST data of κ1 Ceti using the analytic model presented in this work.
Regression performed using MultiNest in conjunction with the 2004 & 2005 data. Residuals to the fit are offset by 0.94. Figure may
be directly comapred to Figure 4 of Walker et al. (2007), where one can see an essentially indistinguishable result.

! Allows us to detrend Kepler data with a physical model,
simultaneously yielding determinations of the star’s intrinsic
properties such as I∗ and PEQ.

! Replaces the the OOT vector in transit algorithms lead-
ing to fewer free parameters.

We require p ! 0.1 which is equivalent to sinα ! 0.1.
Thus a peak-to-peak variation below 1% guarentees the
model presented here is valid. Peak-to-peak variations in
excess of 1% may exceed this criteria if one assumes only a
single-spot is on the surface.

Pr(M1|D)
Pr(M2|D)

=
Pr(D|M1)
Pr(D|M2)

Pr(M1)
Pr(M2)

(14)

ACKNOWLEDGMENTS

Special thanks to Bryce Croll for providing us with the
MOST data of κ1 Ceti.

REFERENCES

Basri, G. et al. 2011, AJ, 141, 20

Batalha, N. M. et al. 2012, ApJS, submitted (astro-
ph:1202.5852)

Berdyugina S. V. 2005, LRSP, 2, 8
Budding, E. 1977, Ap&SS, 48, 207
Charbonneau, D., Brown, T. M., Latham, D. W. & Mayor,
M. 2000, ApJ, 529, 45

Claret, A. 2000, A&A, 363, 1081
Claret, A. & Bloemen, S. 2011, A&A, 529, 75
Collier-Cameron, A. & Unruh, Y. C. 1994, MNRAS, 269,
814

Collier-Cameron, A. 1997, MNRAS, 287, 556
Croll, B. et al. 2006a, in Bulletin of the American Astro-
nomical Society, Vol. 38, Bulletin of the American Astro-
nomical Society, 1217

Croll, B. et al. 2006b, ApJ, 648, 607
Dorren, J. D., 1987, ApJ, 320, 756
Feroz, F. & Hobson, M. P. 2008, MNRAS, 384, 449
Feroz, F., Hobson, M. P. & Bridges, M. 2009, MNRAS, 398,
1601

Henry, G. W., Marcy, G. W., Butler, P. R. & Vogt, S. S.
2000, ApJ, 529, 41

Kipping, D. M. 2011, MNRAS, 416, 689
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the exomoon mass, depend upon the configuration of the
system but the eclipse amplitude, yielding the exomoon
radius, has a far weaker correlation to these terms. The
eclipse amplitude is approximately given by (RS/R∗)2

and thus for any given target we should be able to easily
estimate the eclipse signal of an Earth-sized moon i.e.
(R⊕/R∗)2.
We may also estimate the SNR over a 6.5-hour integra-

tion time by simply dividing the exomoon eclipse depth
by the CDPP values presented in Borucki et al. (2011).
We filter all out results where SNR< 1 for a single event.

4.5. Opportunity Target Selection (TSO) Overview

Additionally, we will consider “targets of opportunity”
for special objects of interest. We envision these will typ-
ically be confirmed, published Kepler exoplanets. These
targets offer numerous advantages in that the entire pho-
tometric time series used in the discovery paper is usu-
ally available (i.e. many more quarters than normal), SC
data is often available, the planet is known to be gen-
uine and frequently follow-up information such as spec-
troscopy, radial velocities or even asteroseismology are
usually available too. We envision that these TSO tar-
gets would be typically selected for HEK analysis because
they have special significance (e.g. are in the habitable-
zone).

4.6. Target Selection Prioritization (TSP) Overview

The prioritization stage is the process of selecting just a
few targets out of the candidates found by the TSA, TSV
and TSO stages. TSP is typically done using detailed
light curve inspection, experience of what constitutes a
viable signal and other factors.
For example the availability of short-cadence (SC) data

is a key TSP factor, due to the improved sensitivity rela-
tive to long-cadence (LC) data. This is because many of
the exomoon features induced on the light curve can oc-
cur on timescales shorter than 30minutes and thus would
be lost in the LC data. Further, SC data yields higher
resolution of the ingress/egress of the planetary transit
which thus yields a tighter determination of the planetary
parameters (Kipping 2010b). With lower uncertainty on
the planetary signal, we are naturally able to more eas-
ily distinguish exomoon signals. Therefore, targets with
even partial SC data are strongly preferred to those with
exclusively LC photometry.

5. FITTING

5.1. Modelling Strategy: LUNA

Modelling the eclipses of planet-moon systems is non-
trivial, if one wishes to retain analytic expressions. The
advantages of an analytic model are manifold, allow-
ing CPU intensive fitting techniques (e.g. Monte Carlo
methods) to fully explore the complex parameter space.
The requirement for an analytic algorithm excludes the
methods presented in Simon et al. (2009), Sato & Asada
(2009) and Tusnski & Valio (2011).
The most significant challenge, in terms of analytic

modelling, is when the planet, moon and star all partially
overlap. The analytic solution for the area of overlap of
three circles was only recently found by Fewell (2006)
and this discovery allowed for the first time an exomoon
code which could be totally analytic in nature.

Kipping (2011a) presented an algorithm to this end,
dubbed LUNA, which dynamically models the planet-
moon motion and utilizes the Fewell (2006) solution (plus
numerous new solutions derived in Kipping 2011a) to
produce simulated light curves for moons. The code uses
quadratic limb darkening and runs almost as fast as gen-
erating a planet signal by itself (i.e. the code of Mandel
& Agol 2002). As a result, LUNA is easily implemented
with Monte Carlo based fitting techniques. Further, the
dynamical component of LUNA means that effects such as
TTV, TDV-TIP and TDV-V are all inherently accounted
for, plus other previously unconsidered effects such as
ingress/egress asymmetry. LUNA is potent weapon in ex-
omoon detection.
We note that another analytic algorithm capable of

modelling exomoon eclipses has appeared recently in Pál
(2011). However, the HEK project will make use of LUNA
alone, since this already satisfies all of our requirements.
LUNA also features several other light curve analysis

techniques developed recently, such as accounting for the
finite integration time using selective resampling (Kip-
ping 2010b) and accounting for blended/third-light using
the methodology of Kipping & Tinetti (2010).

5.2. Detection Strategy: Bayesian Model Selection

The process of making a detection of any physical phe-
nomenon is essentially an exercise in model selection. In
our case, this is most simply described by comparing how
well the data are explained by a planet-only model (the
null hypothesis) versus a planet-with-moon model.
The Bayesian framework is a very powerful basis for

these model comparisons, allowing the observer to in-
corporate prior knowledge (such as the allowed phys-
ical bounds of various parameters) and naturally in-
clude “Occam’s razor” as a way of penalizing overly-
complicated models. Whilst various information crite-
rion have been proposed for performing model selection,
the use of Bayesian evidence has emerged as the metric
of choice to perform model comparisons (Liddle et al.
2007).
Bayesian inference methods provide a consistent ap-

proach to the estimation of a set parametersΘ in a model
M for the data D. Bayes’ theorem states that

Pr(Θ|D,M) =
Pr(D|Θ,M)Pr(Θ|M)

Pr(D|M)
, (14)

where Pr(Θ|D,M) = P(Θ) is the posterior probabil-
ity distribution of the parameters, Pr(D|Θ,M) = L(Θ)
is the likelihood, Pr(Θ|M) = π(Θ) is the prior, and
Pr(D|M) = Z is the Bayesian evidence.
The evidence can be understood to be simply the factor

required to normalize the posterior over Θ, so that

Z =

∫

L(Θ)π(Θ) dDΘ, (15)

where D is the dimensionality of the parameter space.
Since the evidence is the average of the likelihood over the
prior, Occam’s razor is inherently included. Therefore,
a simpler theory with more compact parameter space
will yield a larger evidence than a more intricate the-
ory. Model selection between two competing theories,
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the exomoon mass, depend upon the configuration of the
system but the eclipse amplitude, yielding the exomoon
radius, has a far weaker correlation to these terms. The
eclipse amplitude is approximately given by (RS/R∗)2

and thus for any given target we should be able to easily
estimate the eclipse signal of an Earth-sized moon i.e.
(R⊕/R∗)2.
We may also estimate the SNR over a 6.5-hour integra-

tion time by simply dividing the exomoon eclipse depth
by the CDPP values presented in Borucki et al. (2011).
We filter all out results where SNR< 1 for a single event.

4.5. Opportunity Target Selection (TSO) Overview

Additionally, we will consider “targets of opportunity”
for special objects of interest. We envision these will typ-
ically be confirmed, published Kepler exoplanets. These
targets offer numerous advantages in that the entire pho-
tometric time series used in the discovery paper is usu-
ally available (i.e. many more quarters than normal), SC
data is often available, the planet is known to be gen-
uine and frequently follow-up information such as spec-
troscopy, radial velocities or even asteroseismology are
usually available too. We envision that these TSO tar-
gets would be typically selected for HEK analysis because
they have special significance (e.g. are in the habitable-
zone).

4.6. Target Selection Prioritization (TSP) Overview

The prioritization stage is the process of selecting just a
few targets out of the candidates found by the TSA, TSV
and TSO stages. TSP is typically done using detailed
light curve inspection, experience of what constitutes a
viable signal and other factors.
For example the availability of short-cadence (SC) data

is a key TSP factor, due to the improved sensitivity rela-
tive to long-cadence (LC) data. This is because many of
the exomoon features induced on the light curve can oc-
cur on timescales shorter than 30minutes and thus would
be lost in the LC data. Further, SC data yields higher
resolution of the ingress/egress of the planetary transit
which thus yields a tighter determination of the planetary
parameters (Kipping 2010b). With lower uncertainty on
the planetary signal, we are naturally able to more eas-
ily distinguish exomoon signals. Therefore, targets with
even partial SC data are strongly preferred to those with
exclusively LC photometry.

5. FITTING

5.1. Modelling Strategy: LUNA

Modelling the eclipses of planet-moon systems is non-
trivial, if one wishes to retain analytic expressions. The
advantages of an analytic model are manifold, allow-
ing CPU intensive fitting techniques (e.g. Monte Carlo
methods) to fully explore the complex parameter space.
The requirement for an analytic algorithm excludes the
methods presented in Simon et al. (2009), Sato & Asada
(2009) and Tusnski & Valio (2011).
The most significant challenge, in terms of analytic

modelling, is when the planet, moon and star all partially
overlap. The analytic solution for the area of overlap of
three circles was only recently found by Fewell (2006)
and this discovery allowed for the first time an exomoon
code which could be totally analytic in nature.

Kipping (2011a) presented an algorithm to this end,
dubbed LUNA, which dynamically models the planet-
moon motion and utilizes the Fewell (2006) solution (plus
numerous new solutions derived in Kipping 2011a) to
produce simulated light curves for moons. The code uses
quadratic limb darkening and runs almost as fast as gen-
erating a planet signal by itself (i.e. the code of Mandel
& Agol 2002). As a result, LUNA is easily implemented
with Monte Carlo based fitting techniques. Further, the
dynamical component of LUNA means that effects such as
TTV, TDV-TIP and TDV-V are all inherently accounted
for, plus other previously unconsidered effects such as
ingress/egress asymmetry. LUNA is potent weapon in ex-
omoon detection.
We note that another analytic algorithm capable of

modelling exomoon eclipses has appeared recently in Pál
(2011). However, the HEK project will make use of LUNA
alone, since this already satisfies all of our requirements.
LUNA also features several other light curve analysis

techniques developed recently, such as accounting for the
finite integration time using selective resampling (Kip-
ping 2010b) and accounting for blended/third-light using
the methodology of Kipping & Tinetti (2010).

5.2. Detection Strategy: Bayesian Model Selection

The process of making a detection of any physical phe-
nomenon is essentially an exercise in model selection. In
our case, this is most simply described by comparing how
well the data are explained by a planet-only model (the
null hypothesis) versus a planet-with-moon model.
The Bayesian framework is a very powerful basis for

these model comparisons, allowing the observer to in-
corporate prior knowledge (such as the allowed phys-
ical bounds of various parameters) and naturally in-
clude “Occam’s razor” as a way of penalizing overly-
complicated models. Whilst various information crite-
rion have been proposed for performing model selection,
the use of Bayesian evidence has emerged as the metric
of choice to perform model comparisons (Liddle et al.
2007).
Bayesian inference methods provide a consistent ap-

proach to the estimation of a set parametersΘ in a model
M for the data D. Bayes’ theorem states that

Pr(Θ|D,M) =
Pr(D|Θ,M)Pr(Θ|M)

Pr(D|M)
, (14)

where Pr(Θ|D,M) = P(Θ) is the posterior probabil-
ity distribution of the parameters, Pr(D|Θ,M) = L(Θ)
is the likelihood, Pr(Θ|M) = π(Θ) is the prior, and
Pr(D|M) = Z is the Bayesian evidence.
The evidence can be understood to be simply the factor

required to normalize the posterior over Θ, so that

Z =

∫

L(Θ)π(Θ) dDΘ, (15)

where D is the dimensionality of the parameter space.
Since the evidence is the average of the likelihood over the
prior, Occam’s razor is inherently included. Therefore,
a simpler theory with more compact parameter space
will yield a larger evidence than a more intricate the-
ory. Model selection between two competing theories,
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the exomoon mass, depend upon the configuration of the
system but the eclipse amplitude, yielding the exomoon
radius, has a far weaker correlation to these terms. The
eclipse amplitude is approximately given by (RS/R∗)2

and thus for any given target we should be able to easily
estimate the eclipse signal of an Earth-sized moon i.e.
(R⊕/R∗)2.
We may also estimate the SNR over a 6.5-hour integra-

tion time by simply dividing the exomoon eclipse depth
by the CDPP values presented in Borucki et al. (2011).
We filter all out results where SNR< 1 for a single event.

4.5. Opportunity Target Selection (TSO) Overview

Additionally, we will consider “targets of opportunity”
for special objects of interest. We envision these will typ-
ically be confirmed, published Kepler exoplanets. These
targets offer numerous advantages in that the entire pho-
tometric time series used in the discovery paper is usu-
ally available (i.e. many more quarters than normal), SC
data is often available, the planet is known to be gen-
uine and frequently follow-up information such as spec-
troscopy, radial velocities or even asteroseismology are
usually available too. We envision that these TSO tar-
gets would be typically selected for HEK analysis because
they have special significance (e.g. are in the habitable-
zone).

4.6. Target Selection Prioritization (TSP) Overview

The prioritization stage is the process of selecting just a
few targets out of the candidates found by the TSA, TSV
and TSO stages. TSP is typically done using detailed
light curve inspection, experience of what constitutes a
viable signal and other factors.
For example the availability of short-cadence (SC) data

is a key TSP factor, due to the improved sensitivity rela-
tive to long-cadence (LC) data. This is because many of
the exomoon features induced on the light curve can oc-
cur on timescales shorter than 30minutes and thus would
be lost in the LC data. Further, SC data yields higher
resolution of the ingress/egress of the planetary transit
which thus yields a tighter determination of the planetary
parameters (Kipping 2010b). With lower uncertainty on
the planetary signal, we are naturally able to more eas-
ily distinguish exomoon signals. Therefore, targets with
even partial SC data are strongly preferred to those with
exclusively LC photometry.

5. FITTING

5.1. Modelling Strategy: LUNA

Modelling the eclipses of planet-moon systems is non-
trivial, if one wishes to retain analytic expressions. The
advantages of an analytic model are manifold, allow-
ing CPU intensive fitting techniques (e.g. Monte Carlo
methods) to fully explore the complex parameter space.
The requirement for an analytic algorithm excludes the
methods presented in Simon et al. (2009), Sato & Asada
(2009) and Tusnski & Valio (2011).
The most significant challenge, in terms of analytic

modelling, is when the planet, moon and star all partially
overlap. The analytic solution for the area of overlap of
three circles was only recently found by Fewell (2006)
and this discovery allowed for the first time an exomoon
code which could be totally analytic in nature.

Kipping (2011a) presented an algorithm to this end,
dubbed LUNA, which dynamically models the planet-
moon motion and utilizes the Fewell (2006) solution (plus
numerous new solutions derived in Kipping 2011a) to
produce simulated light curves for moons. The code uses
quadratic limb darkening and runs almost as fast as gen-
erating a planet signal by itself (i.e. the code of Mandel
& Agol 2002). As a result, LUNA is easily implemented
with Monte Carlo based fitting techniques. Further, the
dynamical component of LUNA means that effects such as
TTV, TDV-TIP and TDV-V are all inherently accounted
for, plus other previously unconsidered effects such as
ingress/egress asymmetry. LUNA is potent weapon in ex-
omoon detection.
We note that another analytic algorithm capable of

modelling exomoon eclipses has appeared recently in Pál
(2011). However, the HEK project will make use of LUNA
alone, since this already satisfies all of our requirements.
LUNA also features several other light curve analysis

techniques developed recently, such as accounting for the
finite integration time using selective resampling (Kip-
ping 2010b) and accounting for blended/third-light using
the methodology of Kipping & Tinetti (2010).

5.2. Detection Strategy: Bayesian Model Selection

The process of making a detection of any physical phe-
nomenon is essentially an exercise in model selection. In
our case, this is most simply described by comparing how
well the data are explained by a planet-only model (the
null hypothesis) versus a planet-with-moon model.
The Bayesian framework is a very powerful basis for

these model comparisons, allowing the observer to in-
corporate prior knowledge (such as the allowed phys-
ical bounds of various parameters) and naturally in-
clude “Occam’s razor” as a way of penalizing overly-
complicated models. Whilst various information crite-
rion have been proposed for performing model selection,
the use of Bayesian evidence has emerged as the metric
of choice to perform model comparisons (Liddle et al.
2007).
Bayesian inference methods provide a consistent ap-

proach to the estimation of a set parametersΘ in a model
M for the data D. Bayes’ theorem states that

Pr(Θ|D,M) =
Pr(D|Θ,M)Pr(Θ|M)

Pr(D|M)
, (14)

where Pr(Θ|D,M) = P(Θ) is the posterior probabil-
ity distribution of the parameters, Pr(D|Θ,M) = L(Θ)
is the likelihood, Pr(Θ|M) = π(Θ) is the prior, and
Pr(D|M) = Z is the Bayesian evidence.
The evidence can be understood to be simply the factor

required to normalize the posterior over Θ, so that

Z =

∫

L(Θ)π(Θ) dDΘ, (15)

where D is the dimensionality of the parameter space.
Since the evidence is the average of the likelihood over the
prior, Occam’s razor is inherently included. Therefore,
a simpler theory with more compact parameter space
will yield a larger evidence than a more intricate the-
ory. Model selection between two competing theories,
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Why is the Bayesian evidence 
usually ignored?

• The most common parameter search algorithm for 
exoplanetary scientists is MCMC.

• In almost all planet-related applications, the main objective 
derive the posteriors probability distribution of the 
parameters, ! .

• Pr(D|M) is a normalization factor and thus does not affect 
the parameter posteriors, therefore it is not needed.

• Further, it is highly computational expensive to evaluate Pr
(D|M).

• Thus MCMC techniques ignore the normalization and do 
not yield the Bayesian evidence.

Suggestions...

•Multimodal nested sampling

•Thermodynamic integration 
(very slow)
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Figure 7. Left panel: Simulation from LUNA of a habitable-zone Neptune with a distant, retrograde, Earth-like moon for an M2 host
star. Right panel: Noised data (circles) of 250 ppm per minute overlaid with best fit from an MCMC routine (solid).

Table 6. Comparison of parameter estimates from various model assumptions used in the fits. Data generated for a Neptune with a
distant moon around an M2 star.

Parameter Truth Retrograde Prograde No Moon

χ2 8529.95 8518.65 8518.68 11477.45
BIC - 8636.48 8636.51 11531.83

Fitted params.

PB∗ [days] 46.000000 45.99964+0.00061
−0.00064 45.99967+0.00058

−0.00072 46.005178+0.000084
−0.000085

τB∗ [BJD - 2454000] 956.00000 956.0010+0.0019
−0.0018 956.0010+0.0021

−0.0017 955.98483+0.00026
−0.00026

p2 [%] 0.5071 0.5088+0.0029
−0.0023 0.5088+0.0029

−0.0023 0.5075+0.0044
−0.0028

bB∗ 0.00 0.02+0.13
−0.14 0.01+0.14

−0.14 0.00+0.19
−0.19

T̃B∗ [s] 15882 15896+26
−26 15896+26

−26 15883+27
−27

PSB [days] 23.995 23.984+0.031
−0.031 23.987+0.029

−0.034 -

φSB [◦] 40 34+70
−29 143+46

−77 -

s 0.01834 0.01842+0.00048
−0.00049 0.01843+0.00048

−0.00049 0.00000

aSB/R∗ 2.509 2.481+0.045
−0.044 2.478+0.044

−0.044 -

bSB −0.1 −0.02+0.61
−0.83 −0.09+0.57

−0.59 -

ΩSB [◦] 5 11+29
−70 7+48

−77 -

MS/MP 0.0583 0.0622+0.0076
−0.0070 0.0619+0.0084

−0.0067 0.0000

Physical params.

M∗ [M$] 0.400 0.399+0.061
−0.064 0.403+0.061

−0.066 -

R∗ [R$] 0.500 0.504+0.025
−0.029 0.506+0.025

−0.029 -

MP [MJ ] 0.0540 0.0537+0.0055
−0.0061 0.0541+0.0055

−0.0063 -

RP [MJ ] 0.346 0.350+0.018
−0.020 0.351+0.018

−0.020 -

MS [M⊕] 1.00 1.05+0.13
−0.12 1.06+0.13

−0.12 -

RS [R⊕] 1.000 1.011+0.059
−0.064 1.015+0.059

−0.065 -

ρS [g cm−3] 5.50 5.62+1.03
−0.85 5.58+1.07

−0.82 -

Neptune in hab-zone of M2 dwarf with far-out 
retrograde Earth-mass and radius moon

Tuesday, July 17, 2012



Tuesday, July 17, 2012



I. The Hunt for Exomoons with Kepler (HEK) 17

TABLE 2
Comparison of exomoon parameter estimates from three modes found in the MultiNest fits of synthetic data. Data generated for a

Neptune with a distant moon around an M2 star. The global evidence of the planet-with-moon model (all three modes) is log=. Mode 3
is the most accurate mode but the local evidence values between modes 1 and 3 are sufficiently close that distinguishing these modes

blindly would not be possible (mode 2, however, can be discounted).

Parameter Truth Mode 1 Mode 2 Mode 3 Global

logZ - 23552.49 ± 0.36 23523.81 ± 0.99 23551.27 ± 0.45 23552.75 ± 0.27
Moon params.

RS/RP 0.2570 0.2587+0.0053
−0.0069 0.2559+0.0051

−0.0065 0.2587+0.0052
−0.0070 0.2585+0.0053

−0.0069

MS/MP 0.0583 0.0620+0.0086
−0.0058 0.0672+0.0072

−0.0073 0.0622+0.0096
−0.055 0.0624+0.0092

−0.0059

[ρP ]2/3 [kg2/3 m−2] 139.0 134.5+5.8
−4.7 229.4+10.2

−8.9 134.7+6.6
−4.4 134.9+11.0

−4.5

iSB [◦] 267.06 90.1+1.4
−1.5 270.20+1.20

−0.70 270.1+1.3
−1.2 90+180

−3

ΩSB [◦] 5 37+24
−72 25+18

−71 16+24
−69 28+23

−73

PSB [days] 23.995 23.990+0.020
−0.047 15.755+0.010

−0.014 23.989+0.019
−0.053 23.987+0.021

−0.081

φSB [◦] 40 173+25
−72 23+70

−18 31+69
−24 112+75

−95

Objects of Interest (KOIs) will be distilled into a subset
of the most promising candidates, for the purposes of ex-
omoon detection, via a three-prong target selection (TS)
strategy. This includes visual identification (TSV), auto-
matic filtering (TSA) and targets-of-opportunity (TSO)
with a final stage of target prioritization (TSP).
Selected targets will be interrogated for evidence of an

exomoon by comparing the Bayesian evidence, Z of a
planet-only model and a planet-with-moon model (see
discussion in §5.2). In addition to presenting a > 4-
σ preference for the planet-with-moon model, putative
candidates must demonstrate physically plausible solu-
tions.
In fitting the data, we require both a forward-model

and a fitting algorithm. The former task is handled
by the LUNA algorithm, developed by Kipping (2011a),
which is designed to analytically model the transit light
curve of a planet-with-moon system including limb dark-
ening, dynamical motion and mutual events. Due to
the highly complex parameter space, featuring multiple
modes due to aliased harmonic power, and the need for
an highly efficient computation of the Bayesian evidence,
a sophisticated fitting algorithm is required. To this
end, we have presented the application of MultiNest
(Feroz et al. 2007) with LUNA. MultiNest is a multi-
modal nested sampling algorithm widely used in the cos-
mology and particle physics communities. §5.3 describes

our implementation and the choice of priors, parameter-
ization and likelihood function.
Strategies for vetting potential candidates are dis-

cussed in §6 before we present two examples of
LUNA+MultiNest on synthetic data in §7. The example
fits demonstrate not only the multimodal nature of look-
ing for exomoons but also how Bayesian evidence may
be used to detect such systems.
We are currently analyzing a subset of preferred can-

didates and will be reporting on these findings in the
near-future (Kipping et al. 2012, in prep.). As the HEK
project progresses, we hope to answer the question as to
whether large moons, possibly even Earth-like habitable
moons, are common in the Galaxy or not. Enabled by
the equisite photometry of Kepler, exomoons may soon
move from theoretical musings to objects of empricial
investigation.
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Objects of Interest (KOIs) will be distilled into a subset
of the most promising candidates, for the purposes of ex-
omoon detection, via a three-prong target selection (TS)
strategy. This includes visual identification (TSV), auto-
matic filtering (TSA) and targets-of-opportunity (TSO)
with a final stage of target prioritization (TSP).
Selected targets will be interrogated for evidence of an

exomoon by comparing the Bayesian evidence, Z of a
planet-only model and a planet-with-moon model (see
discussion in §5.2). In addition to presenting a > 4-
σ preference for the planet-with-moon model, putative
candidates must demonstrate physically plausible solu-
tions.
In fitting the data, we require both a forward-model

and a fitting algorithm. The former task is handled
by the LUNA algorithm, developed by Kipping (2011a),
which is designed to analytically model the transit light
curve of a planet-with-moon system including limb dark-
ening, dynamical motion and mutual events. Due to
the highly complex parameter space, featuring multiple
modes due to aliased harmonic power, and the need for
an highly efficient computation of the Bayesian evidence,
a sophisticated fitting algorithm is required. To this
end, we have presented the application of MultiNest
(Feroz et al. 2007) with LUNA. MultiNest is a multi-
modal nested sampling algorithm widely used in the cos-
mology and particle physics communities. §5.3 describes

our implementation and the choice of priors, parameter-
ization and likelihood function.
Strategies for vetting potential candidates are dis-

cussed in §6 before we present two examples of
LUNA+MultiNest on synthetic data in §7. The example
fits demonstrate not only the multimodal nature of look-
ing for exomoons but also how Bayesian evidence may
be used to detect such systems.
We are currently analyzing a subset of preferred can-

didates and will be reporting on these findings in the
near-future (Kipping et al. 2012, in prep.). As the HEK
project progresses, we hope to answer the question as to
whether large moons, possibly even Earth-like habitable
moons, are common in the Galaxy or not. Enabled by
the equisite photometry of Kepler, exomoons may soon
move from theoretical musings to objects of empricial
investigation.
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Objects of Interest (KOIs) will be distilled into a subset
of the most promising candidates, for the purposes of ex-
omoon detection, via a three-prong target selection (TS)
strategy. This includes visual identification (TSV), auto-
matic filtering (TSA) and targets-of-opportunity (TSO)
with a final stage of target prioritization (TSP).
Selected targets will be interrogated for evidence of an

exomoon by comparing the Bayesian evidence, Z of a
planet-only model and a planet-with-moon model (see
discussion in §5.2). In addition to presenting a > 4-
σ preference for the planet-with-moon model, putative
candidates must demonstrate physically plausible solu-
tions.
In fitting the data, we require both a forward-model

and a fitting algorithm. The former task is handled
by the LUNA algorithm, developed by Kipping (2011a),
which is designed to analytically model the transit light
curve of a planet-with-moon system including limb dark-
ening, dynamical motion and mutual events. Due to
the highly complex parameter space, featuring multiple
modes due to aliased harmonic power, and the need for
an highly efficient computation of the Bayesian evidence,
a sophisticated fitting algorithm is required. To this
end, we have presented the application of MultiNest
(Feroz et al. 2007) with LUNA. MultiNest is a multi-
modal nested sampling algorithm widely used in the cos-
mology and particle physics communities. §5.3 describes

our implementation and the choice of priors, parameter-
ization and likelihood function.
Strategies for vetting potential candidates are dis-

cussed in §6 before we present two examples of
LUNA+MultiNest on synthetic data in §7. The example
fits demonstrate not only the multimodal nature of look-
ing for exomoons but also how Bayesian evidence may
be used to detect such systems.
We are currently analyzing a subset of preferred can-

didates and will be reporting on these findings in the
near-future (Kipping et al. 2012, in prep.). As the HEK
project progresses, we hope to answer the question as to
whether large moons, possibly even Earth-like habitable
moons, are common in the Galaxy or not. Enabled by
the equisite photometry of Kepler, exomoons may soon
move from theoretical musings to objects of empricial
investigation.
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Objects of Interest (KOIs) will be distilled into a subset
of the most promising candidates, for the purposes of ex-
omoon detection, via a three-prong target selection (TS)
strategy. This includes visual identification (TSV), auto-
matic filtering (TSA) and targets-of-opportunity (TSO)
with a final stage of target prioritization (TSP).
Selected targets will be interrogated for evidence of an

exomoon by comparing the Bayesian evidence, Z of a
planet-only model and a planet-with-moon model (see
discussion in §5.2). In addition to presenting a > 4-
σ preference for the planet-with-moon model, putative
candidates must demonstrate physically plausible solu-
tions.
In fitting the data, we require both a forward-model

and a fitting algorithm. The former task is handled
by the LUNA algorithm, developed by Kipping (2011a),
which is designed to analytically model the transit light
curve of a planet-with-moon system including limb dark-
ening, dynamical motion and mutual events. Due to
the highly complex parameter space, featuring multiple
modes due to aliased harmonic power, and the need for
an highly efficient computation of the Bayesian evidence,
a sophisticated fitting algorithm is required. To this
end, we have presented the application of MultiNest
(Feroz et al. 2007) with LUNA. MultiNest is a multi-
modal nested sampling algorithm widely used in the cos-
mology and particle physics communities. §5.3 describes

our implementation and the choice of priors, parameter-
ization and likelihood function.
Strategies for vetting potential candidates are dis-

cussed in §6 before we present two examples of
LUNA+MultiNest on synthetic data in §7. The example
fits demonstrate not only the multimodal nature of look-
ing for exomoons but also how Bayesian evidence may
be used to detect such systems.
We are currently analyzing a subset of preferred can-

didates and will be reporting on these findings in the
near-future (Kipping et al. 2012, in prep.). As the HEK
project progresses, we hope to answer the question as to
whether large moons, possibly even Earth-like habitable
moons, are common in the Galaxy or not. Enabled by
the equisite photometry of Kepler, exomoons may soon
move from theoretical musings to objects of empricial
investigation.

ACKNOWLEDGEMENTS

We offer our thanks and praise to the extraordinary
scientists, engineers and individuals who have made the
Kepler Mission possible. Without their continued efforts
and contribution, our project would not be possible. We
are very grateful to the PlanetHunters.org community for
their interest in extrasolar moons and their assistance in
identifying interesting candidate signals.

REFERENCES

Abdussalam, S. S., Allanach, B. C., Quevedo, F., Feroz, F. &
Hobson, M., 2010, Phys. Rev., D81, 035017

Agnor, C. B. & Hamilton, D. P., 2006, Nature, 441, 192
Agol, E., Steffen, J., Sari, R. & Clarkson, W., 2005, MNRAS,

359, 567
Anderson, D. R. et al., 2010, ApJ, 709, 159
Bakos, G. A. et al., 2009, ApJ, 710, 1724
Barnes, J. W. & O’Brien, D. P., 2002, ApJ, 575, 1087
Batalha, N. et al., 2011, ApJ, in prep.
Borucki, W. J. et al., 2011, ApJ, 736, 19
Ter Braak, C. J. F., 2006, Stat. Comput. 16, 239
Brown, T. M., Charbonneau, D., Gilliland, R. L., Noyes, R. W. &

Burrows, A., 2001, ApJ, 552, 699
Brown, T. M., Latham, D. W., Everett, M. E. & Esquerdo, G. A.,

2011, AJ, 142, 112
Canup, R. M. & Ward, W. R., 2006, Nature, 441, 834
Carter, J. A., Yee, J. C., Eastman, J., Gaudi, B. S. & Winn, J.

N., 2008, ApJ, 689, 499
Carter, J. A., Winn, J. N., Gilliland, R. & Holman, M. J., 2009,

ApJ, 696, 241
Castelli, F. & Kurucz, R. L., 2004, astro-ph:0405087

Cochran, W. D. et al., 2011, ApJS, 197, 7
Claret A., 2000, A&A, 363, 1081
Cox, A. N. (ed.), Allen’s Astrophysical Quantities (4th edition)

(Springer, Heidelberg), 2000.
D’Angelo G., Durisen R. H. & Lissauer J. J., 2010, Exoplanets,

ed. S. Seager, University of Arizona Press, p. 319
Deleuil, M. et al., 2008, A&A, 491, 889
Deming, D. et al., 2011, ApJ, 740, 33
Domingos, R. C., Winter, O. C. & Yokoyama, T., 2006, MNRAS,

373, 1227
Eberle, J. Cuntz, M., Quarles, B. & Musielak, Z. E., 2011, Int.

Jour. Astrobioogy, in press
Elser, S., Moore, B., Stadel, J. & Morishima, R., 2011, Icarus,

214, 357
Fewell, M., “Area of Common Overlap of Three Circles”, Tech.

Rep. DSTO-TN-0722, 2006. [Online]. Available:
http://hdl.handle.net/1947/4551

Feroz, F. & Hobson, M. P., 2007, MNRAS, 384, 449
Feroz, F., Hobson, M. P. & Bridges, M., 2009, MNRAS, 398, 1601
Feroz, F., Gair, J. R., Hobson, M. P. & Porter, E. K., 2009, CQG,

26, 215003

Three Modes
These two gives best evidence (indistinguishable)

Tuesday, July 17, 2012



I. The Hunt for Exomoons with Kepler (HEK) 17

TABLE 2
Comparison of exomoon parameter estimates from three modes found in the MultiNest fits of synthetic data. Data generated for a

Neptune with a distant moon around an M2 star. The global evidence of the planet-with-moon model (all three modes) is log=. Mode 3
is the most accurate mode but the local evidence values between modes 1 and 3 are sufficiently close that distinguishing these modes

blindly would not be possible (mode 2, however, can be discounted).

Parameter Truth Mode 1 Mode 2 Mode 3 Global

logZ - 23552.49 ± 0.36 23523.81 ± 0.99 23551.27 ± 0.45 23552.75 ± 0.27
Moon params.

RS/RP 0.2570 0.2587+0.0053
−0.0069 0.2559+0.0051

−0.0065 0.2587+0.0052
−0.0070 0.2585+0.0053

−0.0069

MS/MP 0.0583 0.0620+0.0086
−0.0058 0.0672+0.0072

−0.0073 0.0622+0.0096
−0.055 0.0624+0.0092

−0.0059

[ρP ]2/3 [kg2/3 m−2] 139.0 134.5+5.8
−4.7 229.4+10.2

−8.9 134.7+6.6
−4.4 134.9+11.0

−4.5

iSB [◦] 267.06 90.1+1.4
−1.5 270.20+1.20

−0.70 270.1+1.3
−1.2 90+180

−3

ΩSB [◦] 5 37+24
−72 25+18

−71 16+24
−69 28+23

−73

PSB [days] 23.995 23.990+0.020
−0.047 15.755+0.010

−0.014 23.989+0.019
−0.053 23.987+0.021

−0.081

φSB [◦] 40 173+25
−72 23+70

−18 31+69
−24 112+75

−95

Objects of Interest (KOIs) will be distilled into a subset
of the most promising candidates, for the purposes of ex-
omoon detection, via a three-prong target selection (TS)
strategy. This includes visual identification (TSV), auto-
matic filtering (TSA) and targets-of-opportunity (TSO)
with a final stage of target prioritization (TSP).
Selected targets will be interrogated for evidence of an

exomoon by comparing the Bayesian evidence, Z of a
planet-only model and a planet-with-moon model (see
discussion in §5.2). In addition to presenting a > 4-
σ preference for the planet-with-moon model, putative
candidates must demonstrate physically plausible solu-
tions.
In fitting the data, we require both a forward-model

and a fitting algorithm. The former task is handled
by the LUNA algorithm, developed by Kipping (2011a),
which is designed to analytically model the transit light
curve of a planet-with-moon system including limb dark-
ening, dynamical motion and mutual events. Due to
the highly complex parameter space, featuring multiple
modes due to aliased harmonic power, and the need for
an highly efficient computation of the Bayesian evidence,
a sophisticated fitting algorithm is required. To this
end, we have presented the application of MultiNest
(Feroz et al. 2007) with LUNA. MultiNest is a multi-
modal nested sampling algorithm widely used in the cos-
mology and particle physics communities. §5.3 describes

our implementation and the choice of priors, parameter-
ization and likelihood function.
Strategies for vetting potential candidates are dis-

cussed in §6 before we present two examples of
LUNA+MultiNest on synthetic data in §7. The example
fits demonstrate not only the multimodal nature of look-
ing for exomoons but also how Bayesian evidence may
be used to detect such systems.
We are currently analyzing a subset of preferred can-

didates and will be reporting on these findings in the
near-future (Kipping et al. 2012, in prep.). As the HEK
project progresses, we hope to answer the question as to
whether large moons, possibly even Earth-like habitable
moons, are common in the Galaxy or not. Enabled by
the equisite photometry of Kepler, exomoons may soon
move from theoretical musings to objects of empricial
investigation.
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90% limit on Ms/Mp < 0.018

90% limit on Rs/Rp < 0.44

4-sigma limit on Ms/Mp<0.369

4-sigma limit on Rs/Rp<0.999
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