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A new situation

and 1235 KEPLER candidates  

•Phase of major change in exoplanet research.
•Incredible wealth of data provided by already flying space 
mission (e.g. CoRoT and Kepler). More to come (e.g. Gaia, 
PLATO). 
•Field observationally driven. Formation theory struggles to 
keep up... Observation and theory often don’t match well.
•Common characteristic: provide observations of a large 
number of exoplanets. This data should therefore be treated 
as a statistical ensemble. This could help.



Architectures of planetary systems

✴ Giant planet frequency and host star [Fe/H] are positively correlated. 

✴ Extrasolar planets exhibit a very large diversity (all techniques).
✴ Frequencies      -Low mass close-in planets: approx. 30 % (radial velocity)

-Jovian planets inside a few AU: approx. 10 % (rv)
-Hot Jupiters: 0.5-1% (rv, transits)
-Cold Neptunes are common (microlensing)

✴  The mass function is strongly rising towards small masses. There might be local 
minimum in the planetary mass function around 30-100 Mearth (rv).

✴  The radius distribution is strongly increasing towards small radii (transits). 

✴  The semimajor axis distribution of giant planets consists of a pile up at a period 
of about 3 days, a period valley, and an upturn at about 1 AU. (rv)

✴ Close-in low mass (or small radius) planets are found somewhat further out than 
Hot Jupiters (rv, transits).

✴ Hot Jupiters are lonely (rv, transits).

✴ Low mass close-in planets are in multiple systems (rv, transits).

✴ Massive giants planets at large distances are rare, at least around solar like stars 
(direct imaging).
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Talk structure

✴  The radius distribution is strongly increasing towards small radii (transits). 

✴  The semimajor axis distribution of giant planets consists of a pile up at a period 
of about 3 days, a period valley, and an upturn at about 1 AU. (rv)

✴ Close-in low mass (or small radius) planets are found somewhat further out than 
Hot Jupiters (rv, transits).

✴ Low mass close-in planets are in multiple systems (rv, transits).

✴ Massive giants planets at large distances are rare, at least around solar like stars 
(direct imaging).

1. Planet formation model: core accretion 

2. Planetary population synthesis to understand statistics

3. Architecture of planetary systems: selected points, 
moving from the star outwards.
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4.3

4.4

4.5



1  Planet formation modelling:
    Core accretion planet 
    formation model



Planet Formation: stages

dust

planetesimals protoplanets
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Core Accretion Paradigm 

Perri & Cameron 1974, Mizuno et al. 1978, Mizuno 1980, 
Bodenheimer & Pollack 1986, Pollack et al. 1996

Divide problem in three modules
• Planetesimal accretion rate
• Gas accretion (envelope)
• Planetesimal-envelope interaction (infalling)

Follow gas and solid accretion of an initially 
small solid core (ice, rock) surrounded by a 

gaseous envelope (H2 & He) in the 
protoplanetary disk consisting itself of gas 

and planetesimals.

1)Build up critical core
2)Accrete gas

A timing issue!



• Collisional growth of one big body from small 
background planetesimals (100 km)
• Safronov-type rate equation for dMZ/dt

Accretion of planetesimals

Safronov 1969, Ida & Nakazawa 1989, Greenzweig & Lissauer 1992, ..

dMZ

dt
= !"p!R2

captFG(e, i)

• Random velocity σ(e,i) of planetesimals is 
key parameter (runaway, oligarchic, orderly)

• Accretion from a feeding zone with spatially 
constant planetesimal surface density ΣP

The core accretion model : phase 1

Accretion of planetesimals

Formation of a core

Accretion rate of gas very low

Depletion of the feeding zone

MZ < critical mass

Frejus - 30 November 2004

d!P

dt
= ! (3M!)1/3

6!a2BLM1/3

dMZ

dt

e,g,  Thommes et al. 2003



Gas accretion
4 Mordasini et al.

BP86; Guillot 2005; Broeg 2010):
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P
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In these equations, r is the radius as measured from the planetary cen-
ter, m the mass inside r (including the core mass MZ), l the luminosity
at r, ", P, T, S the gas density, pressure, temperature and entropy, t the
time, and " is given as

" = d ln T
d lnP = min("ad,"rad) "rad = 3

64"#G
$lP
T 4m (3)

i.e. by the minimum of the adiabatic gradient "ad which is directly
given by the equation of state (in convective zones) or the radiative
gradient "rad (in radiative zones) where $ is the opacity and % is the
Stefan-Boltzmann constant.

Calculation of the luminosity

For the planetary population synthesis, where the evolution of thou-
sands of di!erent planets is calculated, we need a stable and rapid
method for the numerical solution of these equations. We have there-
fore replaced the ordinary equation for dl/dr by the assumption that
l is constant within the envelope, and that we can derive the total lu-
minosity L (including solid and gas accretion, contraction and release
of internal heat) and its temporal evolution by total energy conserva-
tion arguments, an approach somewhat similar to Papaloizou & Nelson
(2005). We first recall that !dEtot/dt = L and that in the hydrostatic
case, the total energy is given as

Etot = Egrav + Eint = !

# M

0

Gm

r
dm +

# M

0
u dm =̇ ! &

GM2

2R
(4)

where u is the specific internal energy, M the total mass, and R the
total radius of the planet. We have defined a parameter &, which repre-
sents the distribution of mass within the planet and its internal energy
content. The & can be found for any given structure at time t with the
equations above. Then one can write

! d
dtEtot = L = LM + LR + L% = %GM

R Ṁ !
%GM2

2R2 Ṙ + GM2

2R &̇ (5)

where Ṁ = ṀZ + ṀXY is the total accretion rate of solids and gas, and
Ṙ is the rate of change of the total radius. All quantities except &̇ can
readily be calculated at time t. We now set

L # C (LM + LR) . (6)

4 Mordasini et al.

BP86; Guillot 2005; Broeg 2010):

dm
dr = 4!r2" dP

dr = !Gm
r2 "

dl
dr = 4!r2"

!

# ! T !S
!t

"

dT
dr = T

P
dP
dr "

(2)

In these equations, r is the radius as measured from the planetary cen-
ter, m the mass inside r (including the core mass MZ), l the luminosity
at r, ", P, T, S the gas density, pressure, temperature and entropy, t the
time, and " is given as

" = d ln T
d lnP = min("ad,"rad) "rad = 3

64"#G
$lP
T 4m (3)

i.e. by the minimum of the adiabatic gradient "ad which is directly
given by the equation of state (in convective zones) or the radiative
gradient "rad (in radiative zones) where $ is the opacity and % is the
Stefan-Boltzmann constant.

Calculation of the luminosity

For the planetary population synthesis, where the evolution of thou-
sands of di!erent planets is calculated, we need a stable and rapid
method for the numerical solution of these equations. We have there-
fore replaced the ordinary equation for dl/dr by the assumption that
l is constant within the envelope, and that we can derive the total lu-
minosity L (including solid and gas accretion, contraction and release
of internal heat) and its temporal evolution by total energy conserva-
tion arguments, an approach somewhat similar to Papaloizou & Nelson
(2005). We first recall that !dEtot/dt = L and that in the hydrostatic
case, the total energy is given as

Etot = Egrav + Eint = !

# M

0

Gm

r
dm +

# M

0
u dm =̇ ! &

GM2

2R
(4)

where u is the specific internal energy, M the total mass, and R the
total radius of the planet. We have defined a parameter &, which repre-
sents the distribution of mass within the planet and its internal energy
content. The & can be found for any given structure at time t with the
equations above. Then one can write

! d
dtEtot = L = LM + LR + L% = %GM

R Ṁ !
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•1-D structure equations (similar to stellar structure, e.g. Bodenheimer & Pollack 1986)

Mass conservation
Hydrostat. equilibrium
Energy conservation
Energy transport

Additional energy source:
impacting planetesimals
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The boundary conditions for this part of the calculation are
the same as in PT99, formally,

T (z = H) = T (!ab, Tb, r, Ṁst,"), (4)

P(z = H) =
!2H!ab

#(T (z = H), P(z = H))
, (5)

F(z = H) =
3

8$
Ṁst!

2, (6)

and

F(z = 0) = 0. (7)

These conditions depend on three parameters: !ab the optical
depth between the surface of the disc (z = H) and infinity,
Tb the background temperature, and Ṁst the equilibrium accre-
tion rate defined by Ṁst ! 3$%̃" where " !

! H

"H
&dz is the usual

surface density, and %̃ !
! H

"H %&dz/". The values for !ab and
Tb are the same as in PT99 (namely 10"2 and 10 K); the steady-
state accretion rate is a free parameter. As shown in PT99, the
structure obtained hardly varies with the first two parameters.

This system of 3 equations with 4 boundary conditions has
in general no solution, except for a certain value of H. This
value is found iteratively: Eqs. (1)–(3) are numerically inte-
grated from z = H to z = 0, using a fifth-order Runge-Kutta
method with adaptive step length (Press et al. 1992) until
F(z = 0) = 0 to a given accuracy.

Using this procedure, we calculate, for each distance to the
star r and each value of the equilibrium accretion rate Ṁst, the
distributions of pressure, temperature and density T (z; r, Ṁst),
P(z; r, Ṁst), &(z; r, Ṁst).

Using these distributions, we finally calculate the mid-
plane temperature (Tmid) and pressure (Pmid), as well as
the e#ective viscosity %̃(r, Ṁst), the disc density scale height
H̃(r, Ṁst) defined by &(z = H̃) = e"1/2&(z = 0). The surface
density "(r, Ṁst) is also given as a function of Ṁst (for each
radius). By inverting this former relation, we finally obtain re-
lations Tmid(r,"), Pmid(r,"), %̃(r,") and H̃(r,") for each value
of r (and each value of the other parameters ", !ab and Tb).

2.1.2. Evolution of the surface density

The time evolution of the disc is governed by the well-known
di#usion equation (Lynden-Bell & Pringle 1974):

d"
dt
=

3
r
'

'r

"
r1/2 '

'r
(%̃"r1/2)

#
=

1
r
'

'r
(rJ(r)) , (8)

where J(r) ! 3
r1/2

'
'r (%̃"r1/2) is the mass flux (integrated over the

vertical axis z). This equation is modified to take into account
the momentum transfer between the planet and the disc, as well
as the e#ect of photo-evaporation and accretion onto the planet:

d"
dt
=

3
r
'

'r

"
r1/2 '

'r
%̃"r1/2 + $(r)

#
+ "̇w(r) + Q̇planet(r). (9)

The rate of momentum transfer $ between the planet and
the disc is calculated using the formula derived by Lin &
Papaloizou (1986):

$(r) =
f$
2r

$
GMstar

%
Mplanet

Mstar

&2 % r

max(|r " a|, H̃)

&4
, (10)

where a is the sun-planet distance and f$ is a numerical con-
stant1. The photo-evaporation term "̇w is given by (Veras &
Armitage 2004):
'
"̇w = 0 for R < Rg,
"̇w # R"1 for R > Rg,

(11)

where Rg is usually taken to be 5 AU, and the total mass loss
due to photo-evaporation is a free parameter. Finally, a sink
term Q̇planet is included in Eq. (9), to take into account the
amount of gas accreted by the planet. This term is generally
negligible compared to the other ones, except during the run-
away phases.

To solve the di#usion Eq. (9) we need to specify two
boundary conditions. The first one is given at the outer radius
of the disc (in our simulations this radius is usually taken at
50 AU). At this radius, one can either give the surface density
" or its temporal derivative. Since the characteristic evolution
time of the disc is the di#usion timescale

T% #
r2

%̃
# 1
"!

( r
H

)2
, (12)

which2 is proportional to r3/2 for discs of approximately con-
stant aspect ratio (which is the case in these models, see PT99)
the outer boundary condition has little influence.

The second condition is specified at the inner radius where
we have used the following condition:

r
'%̃"

'r

******
inner radius

= 0. (13)

Since the total mass flux through a cylinder of radius r is given
by:

%(r) ! 2$rJ(r) = 3$%̃" + 6$r
'%̃"

'r
, (14)

the boundary condition Eq. (13) can be expressed as:

%(r)
****
inner radius

= 3$%̃" = Ṁst, (15)

i.e. the mass flux through the inner radius is equal to the equi-
librium flux. Therefore, this condition is equivalent to say that
the inner disc instantaneously adapt itself to the conditions
given by the outer disc. As discussed in PT99, this is consistent
with the expression of the characteristic timescale as a function
of the radius (Eq. (12)).

2.2. Migration rate

Dynamical tidal interactions of the growing protoplanet with
the disc lead to two phenomena: inward migration and gap
formation (Lin & Papaloizou 1979, Ward 1997, Tanaka et al.
2002). For low mass planets, the tidal interaction is linear, and

1 In this formula, the disc scale height H̃ is the scale height of the
unperturbed disc, and not the scale height in the middle of the gap.

2 The second part of Eq. (12) is obtained by expressing Eq. (1) as
1
&

P
H $ !2H and then replacing the sound velocity by !H in the defi-

nition of %.

•Accretion rate in the disk 
         (flow of gas usually towards the star)

•Planet cannot accrete more
  than disk gives

Gas accretion rate given by ability to radiate away energy (TKH)



Example: Jupiter in situ formation I 
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Initial contions: 4 x MMSN, 2% grain opacity, 5.2 AU (cf. Pollack et al. 1996)
No disk evolution, no migration
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•Attached & detached (collapse) phase: Very similar to Lissauer et al. 2009 & 
Broeg et al. in prep. 
•Long term evolution of radii agree to typically 10 % compared to more complex 
Baraffe et al. or Burrows et al. models which have e.g. non-gray boundary conditions.

Capture

Total

Core

Attached:
 R=R Hill

Detached: 
Collapse

Evolution:  Slow 
contraction

R at 4.6 Gyrs: 1.05 RJ

Jupiter in situ formation II: Radius 
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Figure 2.: Radius R (dashed),
core radius Rcore (solid) and
capture radius Rcapt (dotted) as
a function of time for the nJ6
case. The inset figure is a
zoom-in onto the late evolution
and shows the radius as found
in this work (solid line), in
BC03 (dashed) and BM97 (dot-
ted). Note that the di!erent
assumed internal compositions
have a certain influence on R.

Figure 3.: The total lu-
minosity L as a function
of time for the complete
evolution of the nJ6 case
(solid line). During the
second maximum, oc-
curring at t = 2.61
Myrs, a luminosity of
about 5.81!105 LJ equal
to log(L/L!) = "3.29
is attained. The dashed
line shows BC03 and the
dotted one is BM97.

The planet has the following key properties after 4.6 Gyrs: A total
mass of 307.3 M", a heavy element mass MZ = 34.6M" (Z=0.11) which
falls well inside the (wide) range of possible values for Jupiter of 10
to 42 M" (Guillot & Gautier 2007), a radius of 0.99 RJ, an intrinsic
luminosity of 1.78LJ, and a surface temperature T = 133 K (measured
value 124 K, Guillot & Gautier 2007). The temperature at the core-
envelope interface is about 17300 K, similar to what is found in more
complex models (Guillot & Gautier 2007). We thus see that the model,
in particular with the simplifications we made, is able to fulfill the most
important observational constraints coming from Jupiter.

Figure 4 shows the mass and mass accretion rate as a function of
time for two other Jupiter formation calculations. The thin lines (case

Lmax ca 5 x 10-4 Lsun 

L at 4.6 Gyrs: 1.8 LJ 

Mtot: 320 MEarth

MZ: 31 MEarth

Teff: 133 K
Tcent: 17300 K
Mean core density: 12.1 g/cm2

Dotted: Burrows et al. 97
Dashed: Baraffe et al. 03

•Agreement for luminosities of factor  ca. 2 during long term evolution 
compared to Baraffe et al. or Burrows et al. models. Differences at early times 
(hot vs cold start).

Jupiter in situ formation III: Luminosity 

Model planet fullfils the most 
important observational

constraints



1b  Planet formation modelling:
    Extended Core accretion
    planet formation models



1)  disk evolution  
(1+1 D) α-disk with photoevaporation + irradiation (Papaloizou & Terquem 1999, 
Chiang & Goldreich 1997, Matsuyama et al. 2003, Clarke et al. 2001)

2)  type I and type II planetary migration 
         (Lin & Papaloizou 86; Tanaka et al. 02). Isothermal Type I reduced by constant 
         factor f1 (free parameter). Updated recently (Paardekooper et al 2010, Dittkrist et al in prep).

•One embryo per disk, no systems (work in progress)

• No particular stopping mechanism, amin=0.1 AU. Work in progress, too.

• No eccentricity, planets on circular orbits. Work in progress.

Simplifications (most important)

•  Accretion only until the gas disk disappears:  No mass growth/loss after disk dispersal 
(Terrestrial planets, Ice giants, evaporating planets) Work in progress.

→ extend model to include in a self consistent way (Alibert, Mordasini, Benz 2004)

Similar timescales of various processes: 
τmigration  ≤ τformation ≈ τdisk evolution

Extended model



Convergence zones
38 Migration tracks

Figure 4.2: The top plot shows the torque factor Cadia(a) for the adiabatic regime at
di!erent times indicated in the plot for the same disc as before. ERROR IN THE Y
AXIS LABEL. The lower panel illustrates again regions of outward and inward migration.
Green symbols show negative and red positive values of Cadia. Additionally, the location
of the two important convergence zones are shown.

38 Migration tracks

Figure 4.2: The top plot shows the torque factor Cadia(a) for the adiabatic regime at
di!erent times indicated in the plot for the same disc as before. ERROR IN THE Y
AXIS LABEL. The lower panel illustrates again regions of outward and inward migration.
Green symbols show negative and red positive values of Cadia. Additionally, the location
of the two important convergence zones are shown.
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•Original Type I migration (linear, isothermal, Tanaka et al. 2002) so fast that many embryos fall into star.
•Recent progress in type I modeling: different sub-regimes (isothermal, adiabatic, saturation). In & 
outward migration. Paardekooper et al. 2010, Kley, Bitsch, Klahr 2009...  
•Set up semi-analytical model based on these results.  Regimes found by timescale arguments.
•Migration in alpha disk model. Opacity transitions lead to changes in the radial slopes of Σ and T. 
• Therefore, special zones, with zero torque, and dΓ/dr<0: Migration trap.
•All protoplanets migrate towards these convergence zones. Two zones.
•Several AU wide. Concentrate a lot of matter.  Birth place of massive cores?
•Converge zones themselves move inwards on a viscous timescale.

α=7x10-3      Mstar=1 Msun

<0: inward

>0: outward

inout
inout

Dittkrist et al. in prep   cf Lyra et al. 2010

980 W. Kley et al.: Planet migration in three-dimensional radiative discs

Fig. 12. Surface density (upper two panels) and temperature in the equa-
torial plane (lower two) for fully radiative simulations at 100 planetary
orbits. Displayed are results for the shallowest and deepest potential.
Upper panels refer to the !-potential with rsm = 0.8, and lower to the
cubic-potential with rsm = 0.5, respectively.

(r <! 1). This feature that is not visible in the isothermal case
is caused by including the thermodynamics of the disc. Let us
consider an adiabatic situation just after the planet has been in-
serted into the disc, and follow material on its horseshoe orbit
(in the co-rotating frame) as it makes a turn from the outer disc
(r > 1, " > 180") to the inner (r < 1). The radial temperature
and density gradient imply for our ideal gas law a gradient in the
entropy function S in the disc through

S # p
#$
·

As shown above, in our simulations we find for the surface den-
sity ! # r$1/2 as due to the assumption of a constant viscosity,
and the midplane temperature follows T # r$1.7. Due to this gra-
dient in S a parcel (coming from outside) has in our case a lower
entropy than the inner disc which it is entering. Now the entropy
remains constant on its path, due to the adiabatic assumption.
Additionally, dynamical equilibrium requires that the pressure
of the parcel does not change significantly upon its turn, and en-
tropy conservation then implies that the density has to increase.
At the same time the density “behind” the planet (" < 180" and
r >! 1) will be lowered by similar reasoning. Both components
produce a positive contribution to this entropy-related corota-
tion torque that acts on the planet, and which adds to the neg-
ative Lindblad torque and the positive vortensity-related coro-
tation torque. In truly adiabatic discs this e"ect will disappear
after a few libration times (Baruteau & Masset 2008; Kley &
Crida 2008) because the material, being within the horseshoe re-
gion, will start interacting with itself, and the density and entropy
will be smeared out due to the mixing, leading to the described
torque saturation process. Adding radiative di"usion will pre-
vent this and keep the entropy-related torques unsaturated, and a
non-zero viscosity is also required.

In this fully radiative case the temperature within the Roche
radius of the planet has also increased substantially due to com-
pressional heating of the gas (lower two panels in Fig. 12). In
addition, the temperature in the spiral arms is increased as well
due to shock heating.

The density and temperature runs in the disc midplane along
a radial line at " = 180" cutting through the planet are displayed
in Fig. 13. As in the isothermal case, deeper potentials lead to
higher densities within the Roche lobe. The increase is some-
what lower because now the temperature is higher as well due
to the compression of the material. The higher pressure lowers
the density in comparison to the isothermal case. Interesting is
that the maximum temperature is substantially higher than in the
ambient disc even for this very low mass planet of 20 Mearth.
Considering accretion onto the planet the increase in temperature
might be even stronger due to the expected accretion luminosity.

4.4. Torque analysis for the radiative case

In the upper panel of Fig. 14 we display the time evolution of the
total specific torque acting on a 20 Mearth planet for the full radia-
tive case. In contrast to the isothermal situation, all four poten-
tials result now in a positive total torque acting on the planet. As
in the previous isothermal runs, the torques reach their maximum
shortly after the onset of the simulations (between t % 10$20)
and then settle toward their final value. In the corresponding
isothermal case with H/r = 0.037 the di"erence between the
initial positive unsaturated torque and the final saturated value
has been very pronounced (see Fig. 11). In contrast, in this fully
radiative case the inclusion of energy di"usion and the subse-
quent radiative cooling of the disc will prevent saturation of the
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Concentrating all matter in one place
Isn’t that crazy? Well:

But it also makes clear that the 
dynamical rearrangement phase must 
be included...

Remember also “Jupiter’s Grand Tack” 
down to 1.5 AU, also truncating the disk.
(Hal Levisson’s talk on Monday)
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Formation of the Terrestrial Planets from a Narrow Annulus

Brad M. S. Hansen1

ABSTRACT

We show that the assembly of the Solar System terrestrial planets can be
successfully modelled with all of the mass initially confined to a narrow annulus

between 0.7 and 1.0 AU. With this configuration, analogues of Mercury and Mars
often form from the collisional evolution of material di!using out of the annulus

under the scattering of the forming Earth and Venus analogues. The final systems
also possess eccentricities and inclinations that match the observations, without
recourse to dynamical friction from remnant small body populations. Finally,

the characteristic assembly timescale for Earth analogues is rapid in this model,
and consistent with cosmochemical models based on the 182Hf–182W isotopes.

The agreement between this model and the observations suggests that terrestrial
planet systems may also be formed in ‘planet traps’, as has been proposed recently
for the cores of giant planets in our solar system and others.

Subject headings: planetary systems: formation; solar system: formation; planets

and satellites: individual (Earth, Mars, Mercury, Venus)

1. Introduction

The formation of planets is, for the most part, well described by a model in which the

available material is systematically accumulated into fewer but larger bodies, with a variety
of physical processes contributing to the accumulation at di!erent scales (e.g. Safronov

1969; Greenberg et al. 1978; Lissauer 1987; Wetherill & Stewart 1993; Kokubo & Ida 1998;
Goldreich et al. 2004). Traditionally, these processes are held to occur locally, i.e. planets

are assumed to grow in radially confined feeding zones, which gradually increase as the
characteristic masses grow. However, the extrasolar planet discoveries of the last decade
have revealed a number of interesting and surprising new properties of planetary systems

(reviewed recently in Udry & Santos 2007), including giant planets in short period orbits,

1Department of Physics & Astronomy, and Institute of Geophysics & Planetary Physics, University of

California Los Angeles, Los Angeles, CA 90095; hansen@astro.ucla.edu

2009



Radii for the solid core 

•Formation models (Bodenheimer, 
Alibert..) typically assume inert core with 
constant density (3.2 g/cm3).
•Replaced with internal structure model 
for the core
•Three layer differentiated planet model 
(iron&nickel, silicates, ices).
•Ice fraction: from formation model 
(accretion in or outside ice line).
•Include effect of external pressure on 
the surface (giant planets), R(M, Pext, fice)

External pressures Pext=0

100 % Rocky 

100 % Ice 

50% Ice, 
50 %Rocky

Dash-dotted line: Jupiter core conditions today 
with 75% ice, 25% rocky and Pext=4000 GPa

See  Seager et al. 2007, Fortney et al. 2007,
Valencia et al. 2006-2011



3 Planetary population synthesis or
    How to deal with statistical information

16 

Figure 3. 

4 Marcy, Butler, Fischer, Vogt, Wright, Tinney and Jones

The target list also includes 120 M dwarfs, located mostly within 10 pc with
declination north of !30 deg.87) For the late-type K and M dwarfs, we restricted
our selection to stars brighter than V = 11. All slowly rotating stars are surveyed
with a Doppler precision of 3 m s!1 to provide a uniform sensitivity to planets. Thus
far, our Lick, Keck, and Anglo-Australian surveys have revealed 104 planets orbiting
88 stars, including 12 multi-planet systems. The orbital elements and masses of these
exoplanets are regularly updated at: http://exoplanets.org .

§3. Observed properties of exoplanets

We derive the statistical properties of planets from the 1330 FGKM target stars
for which we have uniform precision of 3 m s!1 and at least 6 years duration of
observations. Detected exoplanets have minimum masses, Msin i, between 6 MEarth

and "15 MJup, with an upper mass limit corresponding to the (vanishing) tail of
the mass distribution. The planet mass distribution is shown in Fig. 1 and follows
a power law, dN/dM # M!1.05 54), 55) a!ected very little by the unknown sin i.41)

The paucity of companions with Msin i greater than 12 MJup confirms the presence
of a “brown dwarf desert”54) for companions with orbital periods up to a decade.

 Planet Mass Distribution
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104 Planets

Fig. 1. The histogram of 104 planet masses (Msin i) found in the uniform 3 m s!1 Doppler survey
of 1330 stars at Lick, Keck, and the AAT telescopes. The bin size is 0.5 MJup. The distribution
of planet masses rises as M!1.05 from 10 MJup down to Saturn masses, with incompleteness at
lower masses.

ANRV320-AA45-10 ARI 27 July 2007 19:32

2.3. Orbital Period Distribution of Exoplanets
The distribution of periods of giant exoplanets is basically made of two main fea-
tures (Figure 4): a peak around 3 days plus an increasing distribution with period
(Cumming, Marcy & Butler 1999, Udry, Mayor & Santos 2003, Marcy et al. 2005).
The hot Jupiters were completely unexpected before the first exoplanet discoveries.
The standard model (e.g., Mizuno 1980, Pollack et al. 1996, Rice & Armitage 2003)
suggests that giant planets form first from ice grains in the outer region of the sys-
tem where the temperature of the stellar nebula is cool enough. Such grain growth
provides the supposed requisite solid core around which gas could rapidly accrete
(Safronov 1969) over the lifetime of the protoplanetary disk (!107 year, e.g., Haisch,
Lada & Lada 2001). During this process, they are also supposed to undergo a migra-
tion process moving them from their birth place close to the central star (see, e.g.,
Lin, Bodenheimer & Richardson 1996; Ward 1997; Papaloizou & Terquem 2006),
where they have to stop before falling onto the star. Several stopping mechanisms
have been proposed, invoking, e.g., a magnetospheric central cavity of the accretion
disk, tidal interactions with the host stars, Roche-lobe overflow by the young inflated
giant planet, or photoevaporation. The question is, however, still debated. Alter-
native points of view invoke in situ formation (Bodenheimer, Hubickyj & Lissauer
2000), possibly triggered through disk instabilities (Boss 1997, Durisen et al. 2007).
Note however that, even in such cases, subsequent disk-planet interactions leading to

N

log(Period) (days)

20

15

10

5

0

1 2 3

Figure 4
Period distribution of
known gaseous giant planets
detected by radial-velocity
measurements and orbiting
dwarf primary stars (open
histogram). The red
hatched part of the
histogram represents light
planets with m2 sin i "
0.75 MJup that probably
have migrated toward the
center of the system. For
comparison, the period
distribution of known
Neptune-mass planets (with
short periods and masses
"21 M#) is given by the
blue filled histogram,
showing a flatter
distribution with periods up
to 30 days. (Note, however,
that there is still very high
observational
incompleteness for these
low-mass planets).

408 Udry · Santos
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Fig. 10.— A comparison between the metallicity distributions for planet hosting stars. Top
panel: The black solid line histogram represents the sample of planet hosting stars containing

at least one Jupiter planet. The red dashed line represents the sample of stars hosting only
planets with Neptune-like masses. The metallicities are from this study. Bottom panel:

Results for metallicities in Neptunian-mass hosting stars from the literature are added (red
dashed line histogram). Given the large uncretainties in the M dwarf metallicities these

stars have not been added to the sample. There is a hint that there is o!set between the
two distributions represented both in the top and bottom panels.

Planet Occurrence from Kepler 11

Lissauer et al. (2011b) noted that the multi-planet sys-
tems observed by Kepler have relatively low mutual incli-
nations (typically a few degrees) suggesting a significant
correlation of inclinations. Converting our measurements
of the mean number of planets per star to the fraction of
stars having at least one planet requires an understand-
ing of the underlying multiplicity and inclination distri-
butions. Such an analysis is attempted by Lissauer et al.
(2011b), but is beyond the scope of this paper.
It is worth identifying additional sources of error and

simplifying assumptions in our methods. The largest
source of error stems directly from 35% rms uncertainty
in R! from the KIC, which propagates directly to 35%
uncertainty in Rp. We assumed a central transit over
the full stellar diameter in equation (2). For randomly
distributed transiting orientations, the average duration
is reduced to !/4 times the duration of a central transit.
Thus, this correction reduces our SNR in equation (1) by
a factor of

!

!/4, i.e. a true signal-to-noise ratio thresh-
old of 8.8 instead of 10.0. This is still a very conservative
detection threshold. Additionally, our method does not
account for the small fraction of transits that are graz-
ing and have reduced significance. We assumed perfect!
t scaling for "CDPP values computed for 3 hr intervals.

This may underestimate "CDPP for a 6 hr interval (ap-
proximately the duration of a P = 50 day transit) by
"10%. These are minor corrections and a!ect the nu-
merator and denominator of equation (2) nearly equally.

3.1. Occurrence as a Function of Planet Radius

Planet occurrence varies by three orders of magnitude
in the radius-period plane (Figure 4). To isolate the de-
pendence on these parameters, we first considered planet
occurrence as a function of planet radius, marginalizing
over all planets with P < 50 days. We computed oc-
currence using equation (2) for cells with the ranges of
radii in Figure 4 but for all periods less than 50 days.
This is equivalent to summing the occurrence values in
Figure 4 along rows of cells to obtain the occurrence for
all planets in a radius interval with P < 50 days. The
resulting distribution of planet radii (Figure 5) increases
substantially with decreasing Rp.
We modeled this distribution of planet occurrence with

planet radius as a power law of the form

df(R)

d logR
= kRR

". (4)

Here df(R)/d logR is the mean number of planets hav-
ing P < 50 days per star in a log10 radius interval cen-
tered on R (in R!), kR is a normalization constant, and
# is the power law exponent. To estimate these param-
eters, we used measurements from the 2–22.7 R! bins
because of incompleteness at smaller radii and a lack of
planets at larger radii. We fit equation (4) using a max-
imum likelihood method (Johnson et al. 2010). Each ra-
dius interval contains an estimate of the planet fraction,
Fi = df(Ri)/d logR, based on a number of planet de-
tections made from among an e!ective number of target
stars, such that the probability of Fi is given by the bi-
nomial distribution

p(Fi|npl, nnd) = F
npl

i (1# Fi)
nnd (5)

where npl is the number of planets detected in a spec-
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Fig. 5.— Planet occurrence as a function of planet radius for
planets with P < 50 days (black filled circles and histogram). The
top and bottom panels show the same planet occurrence measure-
ments on logarithmic and linear scales. Only GK stars consistent
with the selection criteria in Table 1 were used to compute occur-
rence. These measurements are the sum of occurrence values along
rows in Figure 4. Estimates of planet occurrence are incomplete
in the hatched region (Rp < 2 R!). Error bars indicate statistical
uncertainties and do not include systematic e!ects, which are par-
ticularly important for Rp < 2 R!. No planets with radii of 22.6–
32 R! were detected (see top row of cells in Figure 4). A power law
fit to occurrence measurements for Rp = 2–22.6 R! (red filled cir-
cles and dashed line) demonstrates that close-in planet occurrence
increases substantially with decreasing planet radius.

ified radius interval (marginalized over period, nnd $
npl/fcell # npl is the e!ective number of non-detections
per radius interval, and fcell is the estimate of planet oc-
currence over the marginalized radius interval obtained
from equation (2). The planet fraction varies as a func-
tion of the mean planet radius Rp,i in each bin, and the
best-fitting parameters can be obtained by maximizing
the probability of all bins using the model in equation
(4):

L =
nbin
"

i=1

p(F (Rp,i)). (6)

In practice the likelihood becomes vanishingly small away
from the best-fitting parameters, so we evaluate the log-
arithm of the likelihood

lnL=
nbin
#

i=1

ln p(F (Rp,i)) (7)
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Fig. 2.— A plot of stellar mass (M!) and metallicity ([Fe/H]) for the full stellar sample, comprised of 1194 stars (black dots), 115
of which harbor at least one detectable planet (red diamonds). For visualization, we have divided the stellar sample into three broad
groups: M dwarfs, FGK dwarfs, and massive “retired” A stars. The fraction f of stars with planets is printed above each group. The
thick (black) lines each stellar mass group represent the best-fitting linear relationships between mass and metallicity (for the M dwarfs
the lines represent the metallicity). The dashed (red) line is the best-fitting linear relationship between mass and metallicity for the stars
with planets. For the M dwarfs we simply report the average metallicity for each population. The (blue) 2-dimensional error bars represent
the typical measurement uncertainties. In each mass group, there is a systematic metallicity o!set between the stars with and without
planets. Discontinuities between the samples are not entirely physical, and are in large part due to the di!erent target-selection criteria for
the three surveys.

sistent with Doppler amplitudes and periods that meet
our criteria for uniform detectability.

Our sample of planet detections comprises 5 planets
around M dwarfs, 74 planets around the SPOCS sample
of FGK dwarfs, and 36 planets around subgiants.

3. DISENTANGLING MASS AND METALLICITY

In our analysis we treat stellar mass and metallicity as
separate independent variables a!ecting the likelihood
that a star harbors a planet. The validity of this premise
rests in part on the analysis of FV05, who noted an ar-
tificial correlation between mass and metallicity in the
SPOCS sample that is due to the color and magnitude
cuts used in the target selection: the more massive stars
in the SPOCS sample have higher metallicities than the
lower-mass stars (Santos et al. 2004; Marcy et al. 2005,
;FV05). This selection e!ect is clearly seen in our up-
dated data set shown in the middle panel of Figure 2.
However, as can be seen in that figure and as noted by
FV05, there is a metallicity o!set between stars with
and without planets at all masses between 0.7 M! and
1.4 M!(see also Santos et al. (2004)). Thus, despite
the artificial mass-metallicity correlation in our sample

of FGK dwarfs, there still exists a clear PMC. At a given
mass, stars with planets have higher metallicities than
the stars without planets.

The PMC is also apparent in the M dwarf sample.
The low-mass stars with planets are extremely metal-
rich compared to the full stellar sample7. Also apparent
from the M dwarf sample is that there are far fewer planet
detections, both in an absolute and fractional sense, com-
pared to the higher-mass stellar samples.

The far right-hand panel of Figure 2 shows that the
metallicity o!set between stars with and without planets
is also present among the more massive subgiants, albeit
at lower statistical significance. Like the FGK dwarfs,
the subgiants have a artificial mass-metallicity correla-
tion, owing to the red cuto! of (B!V < 1.1) used in the
selection of the subgiants from the Hipparcos catalog.
A much higher fraction of massive stars have detected
planets than do the M or FGK dwarfs.

7 The metallicities of the full sample of M dwarfs were estimated
using the photometric calibration of Johnson & Apps (2009). This
required an extrapolation of their relationship for the stars below
the main sequence. However, since the relationship between "MK
and [Fe/H] is expected to be monotonic, our extrapolation will not
a!ect our conclusions in this case.

Marcy et al. 2005, Udry & Santos 2007, Charbonneau et al. 2009, Howard et al. 2011, Ghezzi et al. 2010, Johnson et al. 2010  



The essence of population synthesis

specialized
 models

population
synthesis

extraction process

Ida & Lin 2004++
Thomes et al. 2008
Mordasini et al. 2009++
Miguel et al. 2008,2009

- while you get the essence, you
have lost the subtlety of the original

- but what is left is a concentrate
  of many effects

- and lets you see the big 
picture (hopefully)

- you need specialized models to 
  know what is important

Run the formation 
model with many 

different initial 
conditions

Towards a “Standard model of planet formation and 
evolution” or “Super-Montecarlo” (Talk J. Fortney)....



 Formation model

Initial Conditions: Probability 
distributions & parameters

Disk gas mass
Disk dust mass
Disk lifetime

From 
observations

Draw and compute 
synthetic 

planet population

Apply observational
detection bias

Model solution 
found!MatchNo match: improve, 

change parameters

Observable sub-population
- Distribution of semi-major axis
- Distribution of masses
- Fraction of hot/cold Jupiters
- Distribution of radii

Comparison:

Predictions
(going back to the full 
synthetic population)

Mordasini et al. 2009a
Mordasini et al. 2009b

Observed 
population 

Observational motivation for population synthesis 9

Figure 1.1: The red line shows the total number of known extrasolar planetary companions as a function
of the epoch of discovery. Note how the number has grown very quickly in the last years, approximately as
t2!3 since 1995 (the green fitting curve goes as ! t2.5). The data is taken from J. Schneiders extrasolar planet
encyclopedia at exoplanet.eu. Before 1995, four pulsar planets, and a low mass companion of HD 114762
(Latham et al., 1989) were known. Even if the latter object has a projected mass in the planetary mass domain
there are indications that this system is seen in a rather face-on configuration, so that the true mass of the
companion could be much larger, maybe even in the low mass M star regime (Hale, 1995).

applications of population synthesis (Popov & Prokhorov, 2004).
Most of the planets in the plot were discovered by the radial velocity (RV) method, where

one measures the wobble of the star around the common center of mass of the star-planet
system. A part of the thesis was also the observational search of extrasolar planets with the
RV method using the HARPS spectrometer (Pepe et al., 2004) which yielded a number of
interesting discoveries (Santos et al., 2004a; Lovis et al., 2005, 2006; Udry et al., 2006; Mayor
et al., 2008; Curto et al., 2006). This observational work within the HARPS consortium (PI:
Michel Mayor) allowed to learn and understand the most important observational technique to
detect extrasolar planets. It also made possible a very direct access to the latest observational
results, a direct insight in the various biases involved in the detection process, and a direct
collaboration between the observational approach at the Obsérvatoire de Genève, and the
theoretical approach of our group in Bern. Therefore, the observational results obtained by
the RV method form the main observational comparison data that was used in the theoretical
part. Note that population synthesis can also act back on observation, mainly by the second
classical application of population synthesis (Popov & Prokhorov, 2004) which consists in
making predictions for objects which cannot be observationally detected today, as illustrated
in Paper II for the Doppler method.

In the last years, also photometric transit searches (besides other techniques like microlens-
ing) have resulted in an increasing number of detections of extrasolar planets. For such planets,
additional constraints on the physical properties of an extrasolar planet, in particular for its

Population Synthesis Principle



Constraints on the initial conditions

L-band (3.4 μm) 
photometry:
- excess caused by μ-
sized dust @ ~900K
... ok to < 10 AU

3 Disk lifetime
Haisch et al. 2001, Fedele et al. 2010

NGC 2024

Trapezium

IC 348

NGC 2362

2 Disk (gas) masses
Thermal continuum emission from cold dust at mm 
and submm wavelengths (Ophiuchus nebula).

1 Metallicity 
assume same in star 
and disk
Stellar [Fe/H] from spectroscopy. 
Gaussian  distribution for [Fe/H] 
with µ ~0.0, σ~ 0.2. (e.g. Santos 
et al. 2003)

N. C. Santos et al.: Statistical properties of exoplanets 367

Fig. 2. Left: metallicity distribution of stars with planets making part of the CORALIE planet search sample (shaded histogram) compared
with the same distribution for the about 1000 non binary stars in the CORALIE volume-limited sample (see text for more details). Right: the
percentage of stars belonging to the CORALIE search sample that have been discovered to harbor planetary mass companions plotted as a
function of the metallicity. The vertical axis represents the percentage of planet hosts with respect to the total CORALIE sample.

suggests that we may be looking at the approximate limit on the
metallicity of the stars in the solar neighborhood.

Here we have repeated the analysis presented in Paper II,
but using only the planet host stars included in the well de-
fined CORALIE sample7. This sub-sample has a total of 41 ob-
jects, !60% of them having planets discovered in the con-
text of the CORALIE survey itself. Here we have included all
stars known to have companions with minimum masses lower
than !18 MJup; changing this limit to e.g. 10 MJup does not
change any of the results presented below.

The fact that planets seem to orbit the most metal-rich stars
in the solar neighborhood has led some groups to build planet
search samples based on the high metal content of their host
stars. Examples of these are the stars BD-10 3166 (Butler et al.
2000), HD 4203 (Vogt et al. 2002), and HD 73526, HD 76700,
HD 30177, and HD 2039 (Tinney et al. 2002). Although clearly
increasing the planet detection rate, these kind of metallicity bi-
ased samples completely spoil any statistical study. Using only
stars being surveyed for planets in the context of the CORALIE
survey (none of these 6 stars is included), a survey that has
never used the metallicity as a favoring quantity for looking for
planets, has thus the advantage of minimizing this bias.

As we can see from Fig. 2 (left panel), the metallicity distri-
bution for the planet host stars included in the CORALIE sam-
ple does show an increasing trend with [Fe/H]. In the figure,
the empty histogram represents the [Fe/H] distribution for a
large volume limited sample of stars included in the CORALIE

7 These are: HD 142, HD 1237, HD 4208, HD 6434, HD 13445,
HD 16141, HD 17051, HD 19994, HD 22049, HD 23079, HD 28185,
HD 39091, HD 52265, HD 75289, HD 82943, HD 83443, HD 92788,
HD 108147, HD 114386, HD 114729, HD 114783, HD 121504,
HD 130322, HD 134987, HD 141937, HD 147513, HD 160691,
HD 162020, HD 168443, HD 168746, HD 169830, HD 179949,
HD 192263, HD 196050, HD 202206, HD 210277, HD 213240,
HD 216435, HD 216437, HD 217107, and HD 222582.

survey (Udry et al. 2000). The metallicities for this latter sam-
ple were computed from a precise calibration of the CORALIE
Cross-Correlation Function (see Santos et al. 2002a); since the
calibrators used were the stars presented in Paper I, Paper II,
and this paper, the final results are in the very same scale.

The knowledge of the metallicity distribution for stars in
the solar neighborhood (and included in the CORALIE sam-
ple) permits us to determine the percentage of planet host stars
per metallicity bin. The result is seen in Fig. 2 (right panel). As
we can perfectly see, the probability of finding a planet host is
a strong function of its metallicity. This result confirms former
analysis done in Paper II and by Reid (2002). For example, here
we can see that about 7% of the stars in the CORALIE sample
having metallicity between 0.3 and 0.4 dex have been discov-
ered to harbor a planet. On the other hand, less than 1% of the
stars having solar metallicity seem to have a planet. This result
is thus probably telling us that the probability of forming a giant
planet, or at least a planet of the kind we are finding now, de-
pends strongly on the metallicity of the gas that gave origin to
the star and planetary system. This might be simple explained if
we consider that the higher the metallicity (i.e. dust density of
the disk) the higher might be the probability of forming a core
(and an higher mass core) before the disk dissipates (Pollack
et al. 1996; Kokubo & Ida 2002).

Although it is unwise to draw any strong conclusions based
on only one point, it is worth noticing that our own Sun is in the
“metal-poor” tail of the planet host [Fe/H] distribution. Other
stars having very long period systems (more similar to the Solar
System case) do also present an iron abundance above solar. If
we take all stars having companions with periods longer than
1000 days and eccentricities lower than 0.3 we obtain an aver-
age <[Fe/H]> of +0.21. A lower (but still high) value of +0.12
is achieved if we do not introduce any eccentricity limit into
this sample. We caution, however, that these systems are not
necessarily real Solar System analogs.

Santos et al. 2003

p(a)da ! da

!
! da

a
= dlog(a) ! const.

Analytical work (Lissauer & Steward 1992) and 
numerical simulations (Kokubo & Ida 2000):  spacing 
between bodies Δ ∝ a

i.e. uniform in log(a) (Ida & Lin 2004)

4 Initial semimajor axis of the seed embryo: 
   not observationally constrained

D. Fedele et al.: Accretion Timescale in PMS stars

Table 2. Adopted age, spectral type range, facc and fIRAC (when available) in Figs. 3 and 4.

Cluster Age Sp.T range facc fIRAC Age ref. facc ref. fIRAC ref.
[Myr] [%] [%]

rho Oph 1 K0–M4 50 ± 16 M05 M05
Taurus 1.5 K0–M4 59 ± 9 62 M05 M05 Ha05
NGC 2068/71 2 K1–M5 61 ± 9 70 FM08 FM08 FM08
Cha I 2 K0–M4 44 ± 8 52–64 Lu08 M05 Lu08
IC348 2.5 K0–M4 33 ± 6 47 L06 M05 L06
NGC 6231 3 K0–M3 15 ± 5 S07 this work
! Ori 3 K4–M5 30 ± 17 35 C08 this work He07
Upper Sco 5 K0–M4 7 ± 2 19 C06 M05 C06
NGC 2362 5 K1–M4 5 ± 5 19 D07 D07 D07
NGC 6531 7.5 K4–M4 8 ± 5 P01 this work
" Cha 8 K4–M4 27 ± 19 50 S09 JA06 S09
TWA 8 K3–M5 6 ± 6 D06 JA06
NGC 2169 9 K5–M6 0+3 JE07 JE07
25 Ori 10 K2–M5 6 ± 2 B07 B07
NGC 7160 10 K0–M1 2 ± 2 4 SA06 SA05 SA06
ASCC 58 10 K0–M5 0+5 K05 this work
# Pic 12 K6–M4 0+13 ZS04 JA06
NGC 2353 12 K0–M4 0+6 K05 this work
Collinder 65 25 K0–M5 0+7 K05 this work
Tuc-Hor 27 K1–M3 0+8 ZS04 JA06
NGC 6664 46 K0–M1 0+4 S82 this work

References. Schmidt (1982, S82), Park et al. (2001, P01), Hartmann et al. (2005, Ha05), Kharchenko et al. (2005, K05), Mohanty et al.
(2005, M05), Sicilia-Aguilar et al. (2005, SA05), Carpenter et al. (2006, C06), Lada et al. (2006, L06), Jayawardhana et al. (2006, JA06),
Sicilia-Aguilar et al. (2006, SA06), Dahm & Hillenbrand (2007, D07), Briceño et al. (2007, B07), Je!ries et al. (2007, JE07), Hernández et al.
(2007, He07), Sana et al. (2007, S07), Caballero (2008, C08), Flaherty & Muzerolle (2008, FM08), Luhman et al. (2008, L08), Sicilia-Aguilar
et al. (2009, S09), Zuckerman & Song (2004, ZS04).

Fig. 3. Accreting stars-frequency as a function of age. New data (based
on the VIMOS survey) are shown as (red) dots, literature data as (green)
squares. Colored version is available in the electronic form.

He ! 5876 Å in emission (EW = !0.5 Å, –0.6 Å respectively).
The evidence of large H$10% together with the He ! emission is
most likely due to ongoing mass accretion, and these two stars
are classified as accreting stars. We estimate a fraction of accret-
ing stars in NGC 6231 of 11/75 or 15 (±5%). We warn the reader
that this might be a lower limit to the actual fraction of accret-
ing stars; further investigation is needed to disentagle the nature
(accretion vs binarity/rapid rotation) of the systems with large
H$10% (>300 km s!1) but low EW [H$].

Fig. 4. facc (dots) versus fIRAC (squares) and exponential fit for facc (dot-
ted line) and for fIRAC (dashed line).

NGC 6531

We identified 26 cluster members in NGC 6531 based on the
presence of H$ emission and presence of Li. 13 other sources
show presence of Li 6708 Å, but have H$ in absorption. As in
the case of NGC 6231, these might be cluster members with no
or a reduced chromospheric activity. We measured the EW of Li
6708 Å of these 13 sources and compared them with the typi-
cal EW of the 26 stars in NGC 6531 showing also H$ emission
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(a) (b) (c) (d) (e)

Figure 3. Derived distributions of the disk structure parameters for the composite sample (combining the results presented here and in Paper I). From left to right
are the disk masses (Md), radial surface density gradients (! ), characteristic radii (Rc), scale-heights at 100 AU (H100), and the radial scale-height gradients ("). The
contributions of the four disks with diminished millimeter emission in their central regions are hatched.

Figure 4. Comparison of the data with the best-fit disk structure models. The left panels show the SMA continuum image, corresponding model image, and imaged
residuals (data-model). Contours are drawn at the same 3# intervals in each panel. Cross hairs mark the disk centers and major axis position angle; their relative
lengths represent the disk inclination. The right panels show the broadband SEDs and deprojected visibility profiles, with best-fit models overlaid in red. The input
stellar photospheres are shown as blue dashed curves.
(A color version of this figure is available in the online journal.)
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Formation of mass-radius diagram

•Rapid collapse at about 0.2 MJ

•when Z≈ 0.5
•Two groups for R (pre/post 
collapse) during formation.
•After disk dispersal (T>10 Myrs),             
slow contraction.
•At late times, characteristic 
maximum at about 4 MJ (de-
generacy).
•Z decreasing with total mass.
•At given mass, high Z planets have 
smaller radius. Mstar=1 M⊙

alpha=7x10-31 Earth Mass

Z<5%
5 < Z < 20 %
20 < Z < 40 %
40 < Z < 60 %

Fraction Z of heavy elements
60 < Z < 80 %
80 < Z < 95 %
Z > 95 %



Synthetic mass-radius diagram: 
Comparison with observations

•Bloated R cannot be reproduced.
•Low M: Good agreement.
•Large spread in R (factor 2) at 
intermediate M (ca. 0.1 MJ).Mstar=1 M⊙

alpha=7x10-3

Z<5%
5 < Z < 20 %
20 < Z < 40 %
40 < Z < 60 %

Fraction Z of heavy elements
60 < Z < 80 %
80 < Z < 95 %
Z > 95 %

•Synthetic planets: all semi. axes, 
but a>0.1 AU.
•No (nearly) pure gas balls with 
low M. No nearly pure rock/ice 
giants. 
•Solar system well reproduced  
(M-R & composition)



Composition
Envelopes: Primordial H2/He 

GJ436b

GJ1214b
The gaseous envelope of proto–giant planets contracts on a

Kelvin-Helmholtz timescale when their masses Mp (including
both their solid cores and gaseous envelope) become larger
than Mc;crit. Ikoma et al. (2000) derived through numerical
calculation that

!KH ’ 10b
Mp

M!

! ""c "

1 g cm"2

! "
yr; #29$

with power-law index b ’ 8 and c ’ 2:5. However, with a
different opacity table, the values of b and c can be changed to
’10 and ’3.5, respectively (M. Ikoma 2003, private com-
munication). Bryden, Lin, & Ida (2000a) obtained b ’ 10,
c ’ 3:0 by fitting the result of Pollack et al. (1996). We adopt
here b % 9 and c % 3:0 and also neglect the dependence on "
in our prescription below.

The contraction of the gas envelope reduces the local pres-
sure gradient. Consequently, the gas from the surrounding disk
flows toward the cores to replenish the envelope at a rate

dMp;g

dt
’ Mp

!KH
: #30$

This rate is well below the Bondi accretion rate (Bondi 1952)
when Mp & Mc;crit, so the gas accretion rate is insensitive to
the boundary condition in the disk. The magnitude of dMp;g=dt
due to the Kelvin-Helmholtz contraction increases rapidly
with Mp. In principle, dMp;g=dt is limited by the Bondi ac-
cretion rate (Bondi 1952), the Keplerian shear in the gas in-
flow (Tanigawa & Watanabe 2002), the mass diffusion rate
through the disk (Bryden et al. 1999), and the availability of
gas near the orbit of the accreting planet. However, these
effects become important only when Mp has already become a
significant fraction of Jupiter’s mass MJ. For Mp & MJ, !KH is
reduced to the dynamical free-fall timescale and the growth
timescale Mp=#dMp;g=dt$ for Bondi accretion is reduced to
103 yr. Thus, the total gas accretion time for the protoplanets
to attain their asymptotic masses is essentially determined by
!KH at Mp & Mc;crit.

Note that when Mc reaches Mc;iso, Ṁc is reduced to zero.
Consequently, Mc;crit also vanishes and gas accretion can start
for any value of Mc. However, if

McPMc;KH ' Mp#!KH % !disk$ ’ 4:6
!disk
107 yr

! ""1=3

M!; #31$

the gas accretion rate is so small (eq. [30]) that Mp is not
significantly increased by the gas accretion during the first
107 yr after they were formed. In order for the gas giants to
actually form and acquire Mp 3Mc;crit, Mc must be larger than
Mc;KH in addition to the requirement of Mc > Mc;crit. Both
conditions can be satisfied for Mck 4 M!, if the cores’ rate of
planetesimal accretion is significantly reduced from that in
equation (3).

3.2. A Prescription for the Growth of Gas Giant Planets

Based on the above considerations, we introduce the fol-
lowing simple prescription for the purpose of numerically
integrating the formation and early evolution of the gaseous
giant planets. This approximation captures the essence of the
planet formation process.

1. Protoplanetary growth due to planetesimal accretion is
computed with the following rate equation:

dMp;pl

dt
% Mp

!c;acc
% Ṁc Mc % Mp

# $
; #32$

where !c;acc is given by equation (18). The value of Ṁc is
obtained from equation (3) with the core mass Mc being
replaced by the protoplanet’s total mass Mp , which also
includes the mass of the gaseous envelope.
2. During the growth of the cores, we check whether Mp is

less than the critical core mass for the onset of gas accretion.
Based on the discussions in the previous subsection, the
magnitude of Mc;crit is approximated with a simplified version
of equation (28) such that

Mc;crit ’ 10
Ṁc Mc % Mp

# $

10"6 M! yr"1

" #1=4

M!: #33$

In principle, as the field planetesimals are being accreted onto
the cores, their surface density in the feeding zone declines, so
that both Ṁc and Mc;crit decrease. To take this effect into ac-
count, we use time-dependent values of Ṁc calculated in
equation (32) and set Mc;crit % 0 for cores with Mc > Mc;iso or
Mc;no iso.
3. When Mc exceeds Mc;crit, gas accretion onto a core is set

to start. The gas accretion rate is regulated by the efficiency of
heat transfer and is approximated by a simplified version of
equations (29) and (30) such that

dMp;g

dt
’ Mp

!KH
;

!KH ’ 109
Mp

M!

! ""3

yr: #34$

The planets’ mass Mp includes both their gaseous envelope
and cores. Because of the expansion of the growing planets’
feed zones, planetesimal accretion onto the cores continues
after the gas accretion has started. However, we neglect the
collisions between cores until after the disk gas is depleted as
we have discussed in the last section.
4. The above gas accretion rate does not explicitly depend

on the ambient conditions. The approximation is appropriate
provided that there is an adequate supply of the disk gas.
However, the disk gas may be depleted either globally through
processes such as the viscous evolution, outflow, and photo-
evaporation or locally through gap formation. These effects
are taken into account in the determination of the asymptotic
mass of the giant planets (see the next subsection) but not in
their accretion rates.
5. In the limit that the growth of the gas giant planets is

terminated by gap formation, we also consider their dynamical
evolution with or without the type II orbital migration (see the
next section).

3.3. Termination of Gas Accretion

Equation (34) shows that the gas accretion rate rapidly
increases with Mp. However, there are several asymptotic
limits to the unimpeded runaway gas accretion process. These
limits arise as a result of the local and global depletion of
disk gas.
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•Pre runaway (Mz <10-20)

The gaseous envelope of proto–giant planets contracts on a
Kelvin-Helmholtz timescale when their masses Mp (including
both their solid cores and gaseous envelope) become larger
than Mc;crit. Ikoma et al. (2000) derived through numerical
calculation that

!KH ’ 10b
Mp

M!

! ""c "

1 g cm"2

! "
yr; #29$

with power-law index b ’ 8 and c ’ 2:5. However, with a
different opacity table, the values of b and c can be changed to
’10 and ’3.5, respectively (M. Ikoma 2003, private com-
munication). Bryden, Lin, & Ida (2000a) obtained b ’ 10,
c ’ 3:0 by fitting the result of Pollack et al. (1996). We adopt
here b % 9 and c % 3:0 and also neglect the dependence on "
in our prescription below.

The contraction of the gas envelope reduces the local pres-
sure gradient. Consequently, the gas from the surrounding disk
flows toward the cores to replenish the envelope at a rate

dMp;g

dt
’ Mp

!KH
: #30$

This rate is well below the Bondi accretion rate (Bondi 1952)
when Mp & Mc;crit, so the gas accretion rate is insensitive to
the boundary condition in the disk. The magnitude of dMp;g=dt
due to the Kelvin-Helmholtz contraction increases rapidly
with Mp. In principle, dMp;g=dt is limited by the Bondi ac-
cretion rate (Bondi 1952), the Keplerian shear in the gas in-
flow (Tanigawa & Watanabe 2002), the mass diffusion rate
through the disk (Bryden et al. 1999), and the availability of
gas near the orbit of the accreting planet. However, these
effects become important only when Mp has already become a
significant fraction of Jupiter’s mass MJ. For Mp & MJ, !KH is
reduced to the dynamical free-fall timescale and the growth
timescale Mp=#dMp;g=dt$ for Bondi accretion is reduced to
103 yr. Thus, the total gas accretion time for the protoplanets
to attain their asymptotic masses is essentially determined by
!KH at Mp & Mc;crit.

Note that when Mc reaches Mc;iso, Ṁc is reduced to zero.
Consequently, Mc;crit also vanishes and gas accretion can start
for any value of Mc. However, if

McPMc;KH ' Mp#!KH % !disk$ ’ 4:6
!disk
107 yr

! ""1=3

M!; #31$

the gas accretion rate is so small (eq. [30]) that Mp is not
significantly increased by the gas accretion during the first
107 yr after they were formed. In order for the gas giants to
actually form and acquire Mp 3Mc;crit, Mc must be larger than
Mc;KH in addition to the requirement of Mc > Mc;crit. Both
conditions can be satisfied for Mck 4 M!, if the cores’ rate of
planetesimal accretion is significantly reduced from that in
equation (3).

3.2. A Prescription for the Growth of Gas Giant Planets

Based on the above considerations, we introduce the fol-
lowing simple prescription for the purpose of numerically
integrating the formation and early evolution of the gaseous
giant planets. This approximation captures the essence of the
planet formation process.

1. Protoplanetary growth due to planetesimal accretion is
computed with the following rate equation:

dMp;pl

dt
% Mp

!c;acc
% Ṁc Mc % Mp

# $
; #32$

where !c;acc is given by equation (18). The value of Ṁc is
obtained from equation (3) with the core mass Mc being
replaced by the protoplanet’s total mass Mp , which also
includes the mass of the gaseous envelope.
2. During the growth of the cores, we check whether Mp is

less than the critical core mass for the onset of gas accretion.
Based on the discussions in the previous subsection, the
magnitude of Mc;crit is approximated with a simplified version
of equation (28) such that

Mc;crit ’ 10
Ṁc Mc % Mp

# $

10"6 M! yr"1

" #1=4

M!: #33$

In principle, as the field planetesimals are being accreted onto
the cores, their surface density in the feeding zone declines, so
that both Ṁc and Mc;crit decrease. To take this effect into ac-
count, we use time-dependent values of Ṁc calculated in
equation (32) and set Mc;crit % 0 for cores with Mc > Mc;iso or
Mc;no iso.
3. When Mc exceeds Mc;crit, gas accretion onto a core is set

to start. The gas accretion rate is regulated by the efficiency of
heat transfer and is approximated by a simplified version of
equations (29) and (30) such that

dMp;g

dt
’ Mp

!KH
;

!KH ’ 109
Mp

M!

! ""3

yr: #34$

The planets’ mass Mp includes both their gaseous envelope
and cores. Because of the expansion of the growing planets’
feed zones, planetesimal accretion onto the cores continues
after the gas accretion has started. However, we neglect the
collisions between cores until after the disk gas is depleted as
we have discussed in the last section.
4. The above gas accretion rate does not explicitly depend

on the ambient conditions. The approximation is appropriate
provided that there is an adequate supply of the disk gas.
However, the disk gas may be depleted either globally through
processes such as the viscous evolution, outflow, and photo-
evaporation or locally through gap formation. These effects
are taken into account in the determination of the asymptotic
mass of the giant planets (see the next subsection) but not in
their accretion rates.
5. In the limit that the growth of the gas giant planets is

terminated by gap formation, we also consider their dynamical
evolution with or without the type II orbital migration (see the
next section).

3.3. Termination of Gas Accretion

Equation (34) shows that the gas accretion rate rapidly
increases with Mp. However, there are several asymptotic
limits to the unimpeded runaway gas accretion process. These
limits arise as a result of the local and global depletion of
disk gas.
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Giants
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a<1 AU
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On the way to the Super-Montecarlo (Talk J. Fortney)....

•Grain growth => more massive H2/He
envelopes.

No envelope loss
(work in progress)

Icefree: accr. only inside iceline

Accreted only 
beyond
iceline 

Cores: Ice fraction 

•Know where in disk how much accreted.
  (in/outside iceline)
•Planets inside 2 AU:

•Either no ices at all, or 30-60 %
•Sensitive to migration=>constrain models!
•Input for outgassing.

Mix due to
migration

•Starting point for evolution. 



3.1 The radius distribution is 
strongly increasing towards small 
radii (transits). 
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Planet Occurrence ! d2f/dlogP/dlogRp

Planet Occurrence ! fcell

Fig. 4.— Planet occurrence as a function of planet radius and orbital period for P < 50 days. Planet occurrence spans more than three
orders of magnitude and increases substantially for longer orbital periods and smaller planet radii. Planets detected by Kepler having
SNR > 10 are shown as black dots. The phase space is divided into a grid of logarithmically spaced cells within which planet occurrence
is computed. Only stars in the “solar subset” (see selection criteria in Table 1) were used to compute occurrence. Cell color indicates
planet occurrence with the color scale on the top in two sets of units, occurrence per cell and occurrence per logarithmic area unit. White
cells contain no detected planets. Planet occurrence measurements are incomplete and likely contain systematic errors in the hatched
region (Rp < 2 R!). Annotations in white text within each cell list occurrence statistics: upper left—the number of detected planets
with SNR > 10, npl,cell, and in parentheses the number of augmented planets correcting for non-transiting geometries, npl,aug,cell; lower
left—the number of stars surveyed by Kepler around which a hypothetical transiting planet with Rp and P values from the middle of the
cell could be detected with SNR > 10; lower right—fcell, planet occurrence, corrected for geometry and detection incompleteness; upper
right—d2f/d log10 P/d log10 Rp, planet occurrence per logarithmic area unit (d log10 P d log10 Rp = 28.5 grid cells).
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Lissauer et al. (2011b) noted that the multi-planet sys-
tems observed by Kepler have relatively low mutual incli-
nations (typically a few degrees) suggesting a significant
correlation of inclinations. Converting our measurements
of the mean number of planets per star to the fraction of
stars having at least one planet requires an understand-
ing of the underlying multiplicity and inclination distri-
butions. Such an analysis is attempted by Lissauer et al.
(2011b), but is beyond the scope of this paper.
It is worth identifying additional sources of error and

simplifying assumptions in our methods. The largest
source of error stems directly from 35% rms uncertainty
in R! from the KIC, which propagates directly to 35%
uncertainty in Rp. We assumed a central transit over
the full stellar diameter in equation (2). For randomly
distributed transiting orientations, the average duration
is reduced to !/4 times the duration of a central transit.
Thus, this correction reduces our SNR in equation (1) by
a factor of

!

!/4, i.e. a true signal-to-noise ratio thresh-
old of 8.8 instead of 10.0. This is still a very conservative
detection threshold. Additionally, our method does not
account for the small fraction of transits that are graz-
ing and have reduced significance. We assumed perfect!
t scaling for "CDPP values computed for 3 hr intervals.

This may underestimate "CDPP for a 6 hr interval (ap-
proximately the duration of a P = 50 day transit) by
"10%. These are minor corrections and a!ect the nu-
merator and denominator of equation (2) nearly equally.

3.1. Occurrence as a Function of Planet Radius

Planet occurrence varies by three orders of magnitude
in the radius-period plane (Figure 4). To isolate the de-
pendence on these parameters, we first considered planet
occurrence as a function of planet radius, marginalizing
over all planets with P < 50 days. We computed oc-
currence using equation (2) for cells with the ranges of
radii in Figure 4 but for all periods less than 50 days.
This is equivalent to summing the occurrence values in
Figure 4 along rows of cells to obtain the occurrence for
all planets in a radius interval with P < 50 days. The
resulting distribution of planet radii (Figure 5) increases
substantially with decreasing Rp.
We modeled this distribution of planet occurrence with

planet radius as a power law of the form

df(R)

d logR
= kRR

". (4)

Here df(R)/d logR is the mean number of planets hav-
ing P < 50 days per star in a log10 radius interval cen-
tered on R (in R!), kR is a normalization constant, and
# is the power law exponent. To estimate these param-
eters, we used measurements from the 2–22.7 R! bins
because of incompleteness at smaller radii and a lack of
planets at larger radii. We fit equation (4) using a max-
imum likelihood method (Johnson et al. 2010). Each ra-
dius interval contains an estimate of the planet fraction,
Fi = df(Ri)/d logR, based on a number of planet de-
tections made from among an e!ective number of target
stars, such that the probability of Fi is given by the bi-
nomial distribution

p(Fi|npl, nnd) = F
npl

i (1# Fi)
nnd (5)

where npl is the number of planets detected in a spec-
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Fig. 5.— Planet occurrence as a function of planet radius for
planets with P < 50 days (black filled circles and histogram). The
top and bottom panels show the same planet occurrence measure-
ments on logarithmic and linear scales. Only GK stars consistent
with the selection criteria in Table 1 were used to compute occur-
rence. These measurements are the sum of occurrence values along
rows in Figure 4. Estimates of planet occurrence are incomplete
in the hatched region (Rp < 2 R!). Error bars indicate statistical
uncertainties and do not include systematic e!ects, which are par-
ticularly important for Rp < 2 R!. No planets with radii of 22.6–
32 R! were detected (see top row of cells in Figure 4). A power law
fit to occurrence measurements for Rp = 2–22.6 R! (red filled cir-
cles and dashed line) demonstrates that close-in planet occurrence
increases substantially with decreasing planet radius.

ified radius interval (marginalized over period, nnd $
npl/fcell # npl is the e!ective number of non-detections
per radius interval, and fcell is the estimate of planet oc-
currence over the marginalized radius interval obtained
from equation (2). The planet fraction varies as a func-
tion of the mean planet radius Rp,i in each bin, and the
best-fitting parameters can be obtained by maximizing
the probability of all bins using the model in equation
(4):

L =
nbin
"

i=1

p(F (Rp,i)). (6)

In practice the likelihood becomes vanishingly small away
from the best-fitting parameters, so we evaluate the log-
arithm of the likelihood

lnL=
nbin
#

i=1

ln p(F (Rp,i)) (7)

Only reliable KEPLER candidates 
around  bright, main sequence GK 
stars.
Correct for observational bias

-decrease with period
-decrease with size (S/N)

Comparison: KEPLER data

IncompletenessHoward et al. 2011



Formation tracks - distance radius plot

Nominal Model. 
Updated Type I.

No efficiency factor! 

Mstar=1Msun, Memb,0=0.6 Mearth, irradiated disk, viscosity alpha=7x10-3

Isothermal Type I.
Tanaka f1=0.01

Almost no type I migration.
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(full migration rate)
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Radius distribution of KEPLER planets

Planet Occurrence from Kepler 11

Lissauer et al. (2011b) noted that the multi-planet sys-
tems observed by Kepler have relatively low mutual incli-
nations (typically a few degrees) suggesting a significant
correlation of inclinations. Converting our measurements
of the mean number of planets per star to the fraction of
stars having at least one planet requires an understand-
ing of the underlying multiplicity and inclination distri-
butions. Such an analysis is attempted by Lissauer et al.
(2011b), but is beyond the scope of this paper.
It is worth identifying additional sources of error and

simplifying assumptions in our methods. The largest
source of error stems directly from 35% rms uncertainty
in R! from the KIC, which propagates directly to 35%
uncertainty in Rp. We assumed a central transit over
the full stellar diameter in equation (2). For randomly
distributed transiting orientations, the average duration
is reduced to !/4 times the duration of a central transit.
Thus, this correction reduces our SNR in equation (1) by
a factor of

!

!/4, i.e. a true signal-to-noise ratio thresh-
old of 8.8 instead of 10.0. This is still a very conservative
detection threshold. Additionally, our method does not
account for the small fraction of transits that are graz-
ing and have reduced significance. We assumed perfect!
t scaling for "CDPP values computed for 3 hr intervals.

This may underestimate "CDPP for a 6 hr interval (ap-
proximately the duration of a P = 50 day transit) by
"10%. These are minor corrections and a!ect the nu-
merator and denominator of equation (2) nearly equally.

3.1. Occurrence as a Function of Planet Radius

Planet occurrence varies by three orders of magnitude
in the radius-period plane (Figure 4). To isolate the de-
pendence on these parameters, we first considered planet
occurrence as a function of planet radius, marginalizing
over all planets with P < 50 days. We computed oc-
currence using equation (2) for cells with the ranges of
radii in Figure 4 but for all periods less than 50 days.
This is equivalent to summing the occurrence values in
Figure 4 along rows of cells to obtain the occurrence for
all planets in a radius interval with P < 50 days. The
resulting distribution of planet radii (Figure 5) increases
substantially with decreasing Rp.
We modeled this distribution of planet occurrence with

planet radius as a power law of the form

df(R)

d logR
= kRR

". (4)

Here df(R)/d logR is the mean number of planets hav-
ing P < 50 days per star in a log10 radius interval cen-
tered on R (in R!), kR is a normalization constant, and
# is the power law exponent. To estimate these param-
eters, we used measurements from the 2–22.7 R! bins
because of incompleteness at smaller radii and a lack of
planets at larger radii. We fit equation (4) using a max-
imum likelihood method (Johnson et al. 2010). Each ra-
dius interval contains an estimate of the planet fraction,
Fi = df(Ri)/d logR, based on a number of planet de-
tections made from among an e!ective number of target
stars, such that the probability of Fi is given by the bi-
nomial distribution

p(Fi|npl, nnd) = F
npl

i (1# Fi)
nnd (5)

where npl is the number of planets detected in a spec-
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Fig. 5.— Planet occurrence as a function of planet radius for
planets with P < 50 days (black filled circles and histogram). The
top and bottom panels show the same planet occurrence measure-
ments on logarithmic and linear scales. Only GK stars consistent
with the selection criteria in Table 1 were used to compute occur-
rence. These measurements are the sum of occurrence values along
rows in Figure 4. Estimates of planet occurrence are incomplete
in the hatched region (Rp < 2 R!). Error bars indicate statistical
uncertainties and do not include systematic e!ects, which are par-
ticularly important for Rp < 2 R!. No planets with radii of 22.6–
32 R! were detected (see top row of cells in Figure 4). A power law
fit to occurrence measurements for Rp = 2–22.6 R! (red filled cir-
cles and dashed line) demonstrates that close-in planet occurrence
increases substantially with decreasing planet radius.

ified radius interval (marginalized over period, nnd $
npl/fcell # npl is the e!ective number of non-detections
per radius interval, and fcell is the estimate of planet oc-
currence over the marginalized radius interval obtained
from equation (2). The planet fraction varies as a func-
tion of the mean planet radius Rp,i in each bin, and the
best-fitting parameters can be obtained by maximizing
the probability of all bins using the model in equation
(4):

L =
nbin
"

i=1

p(F (Rp,i)). (6)

In practice the likelihood becomes vanishingly small away
from the best-fitting parameters, so we evaluate the log-
arithm of the likelihood

lnL=
nbin
#

i=1

ln p(F (Rp,i)) (7)

Nominal Model: all a 
•Total radius distribution is bimodal: 
high peak at lowest radii, second peak 
at about 1 Jupiter radius.

=>Giant planets contain much low 
density material (gas) and have all 
approx. the same radius independent of 
mass (degeneracy!)

•Generally good agreement: 
•Increase towards small masses.
•Many low radii.
•Hot Jupiter 0.5-1%
•Even in absolute fraction.

•But no bimodality...!
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Radius distribution of KEPLER planets

Planet Occurrence from Kepler 11

Lissauer et al. (2011b) noted that the multi-planet sys-
tems observed by Kepler have relatively low mutual incli-
nations (typically a few degrees) suggesting a significant
correlation of inclinations. Converting our measurements
of the mean number of planets per star to the fraction of
stars having at least one planet requires an understand-
ing of the underlying multiplicity and inclination distri-
butions. Such an analysis is attempted by Lissauer et al.
(2011b), but is beyond the scope of this paper.
It is worth identifying additional sources of error and

simplifying assumptions in our methods. The largest
source of error stems directly from 35% rms uncertainty
in R! from the KIC, which propagates directly to 35%
uncertainty in Rp. We assumed a central transit over
the full stellar diameter in equation (2). For randomly
distributed transiting orientations, the average duration
is reduced to !/4 times the duration of a central transit.
Thus, this correction reduces our SNR in equation (1) by
a factor of

!

!/4, i.e. a true signal-to-noise ratio thresh-
old of 8.8 instead of 10.0. This is still a very conservative
detection threshold. Additionally, our method does not
account for the small fraction of transits that are graz-
ing and have reduced significance. We assumed perfect!
t scaling for "CDPP values computed for 3 hr intervals.

This may underestimate "CDPP for a 6 hr interval (ap-
proximately the duration of a P = 50 day transit) by
"10%. These are minor corrections and a!ect the nu-
merator and denominator of equation (2) nearly equally.

3.1. Occurrence as a Function of Planet Radius

Planet occurrence varies by three orders of magnitude
in the radius-period plane (Figure 4). To isolate the de-
pendence on these parameters, we first considered planet
occurrence as a function of planet radius, marginalizing
over all planets with P < 50 days. We computed oc-
currence using equation (2) for cells with the ranges of
radii in Figure 4 but for all periods less than 50 days.
This is equivalent to summing the occurrence values in
Figure 4 along rows of cells to obtain the occurrence for
all planets in a radius interval with P < 50 days. The
resulting distribution of planet radii (Figure 5) increases
substantially with decreasing Rp.
We modeled this distribution of planet occurrence with

planet radius as a power law of the form

df(R)

d logR
= kRR

". (4)

Here df(R)/d logR is the mean number of planets hav-
ing P < 50 days per star in a log10 radius interval cen-
tered on R (in R!), kR is a normalization constant, and
# is the power law exponent. To estimate these param-
eters, we used measurements from the 2–22.7 R! bins
because of incompleteness at smaller radii and a lack of
planets at larger radii. We fit equation (4) using a max-
imum likelihood method (Johnson et al. 2010). Each ra-
dius interval contains an estimate of the planet fraction,
Fi = df(Ri)/d logR, based on a number of planet de-
tections made from among an e!ective number of target
stars, such that the probability of Fi is given by the bi-
nomial distribution

p(Fi|npl, nnd) = F
npl

i (1# Fi)
nnd (5)

where npl is the number of planets detected in a spec-
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Fig. 5.— Planet occurrence as a function of planet radius for
planets with P < 50 days (black filled circles and histogram). The
top and bottom panels show the same planet occurrence measure-
ments on logarithmic and linear scales. Only GK stars consistent
with the selection criteria in Table 1 were used to compute occur-
rence. These measurements are the sum of occurrence values along
rows in Figure 4. Estimates of planet occurrence are incomplete
in the hatched region (Rp < 2 R!). Error bars indicate statistical
uncertainties and do not include systematic e!ects, which are par-
ticularly important for Rp < 2 R!. No planets with radii of 22.6–
32 R! were detected (see top row of cells in Figure 4). A power law
fit to occurrence measurements for Rp = 2–22.6 R! (red filled cir-
cles and dashed line) demonstrates that close-in planet occurrence
increases substantially with decreasing planet radius.

ified radius interval (marginalized over period, nnd $
npl/fcell # npl is the e!ective number of non-detections
per radius interval, and fcell is the estimate of planet oc-
currence over the marginalized radius interval obtained
from equation (2). The planet fraction varies as a func-
tion of the mean planet radius Rp,i in each bin, and the
best-fitting parameters can be obtained by maximizing
the probability of all bins using the model in equation
(4):

L =
nbin
"

i=1

p(F (Rp,i)). (6)

In practice the likelihood becomes vanishingly small away
from the best-fitting parameters, so we evaluate the log-
arithm of the likelihood

lnL=
nbin
#

i=1

ln p(F (Rp,i)) (7)
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3.2  Close-in low mass (or small 
radius) planets are found 
somewhat further out than Hot 
Jupiters (rv, transits).

A qualitative explanation.



Semi-major axis in KEPLER data
Planet Occurrence from Kepler 13

TABLE 4
Planet Occurrence for GK Dwarfs

Rp(R!) P < 10 days P < 50 days

2–4 R! 0.025± 0.003 0.130± 0.008

4–8 R! 0.005± 0.001 0.023± 0.003

8–32 R! 0.004± 0.001 0.013± 0.002

2–32 R! 0.034± 0.003 0.165± 0.008

TABLE 5
Best-fit Parameters of Cutoff Power Law Model

Rp kP ! P0 "
(R!) (days)

2–4 R! 0.064± 0.040 0.27 ± 0.27 7.0± 1.9 2.6± 0.3

4–8 R! 0.0020± 0.0012 0.79 ± 0.50 2.2± 1.0 4.0± 1.2

8–32 R! 0.0025± 0.0015 0.37 ± 0.35 1.7± 0.7 4.1± 2.5

2–32 R! 0.035± 0.023 0.52 ± 0.25 4.8± 1.6 2.4± 0.3

corrected for incompleteness.
The occurrence distributions in the top panel of Figure

6 have shapes that are more complicated than simple
power laws. Occurrence falls o! rapidly at short periods.
We fit each of these distributions to a power law with an
exponential cuto!,

df(P )

d logP
= kPP

!
!

1! e!(P/P0)
!
"

. (8)

This function behaves like a power law with exponent
! and normalization kP for P " P0. For periods P
(in days) near and below the cuto! period P0, f(P ) falls
o! exponentially. The sharpness of this transition is gov-
erned by ". Thus the parameters of equation (8) measure
the slope of the power law planet occurrence distribution
for “longer” orbital periods as well as the transition pe-
riod and sharpness of that transition.
We fit equation (8) to the four ranges of radii shown

in Figure 6 (top panel) and list the best-fit parame-
ters in Table 5. We note that ! > 0 for all planet
radii considered, i.e. planet occurrence increases with
logP . For the largest planets (Rp = 8–32 R"), !
= 0.37 ± 0.35 is consistent with the power law occur-
rence distribution derived by Cumming et al. (2008) for
gas giant planets with periods of 2–2000 days, df #
M!0.31±0.2P 0.26±0.1 d logM d logP
P0 and " can be interpreted as tracers of the migration

and stopping mechanisms that deposited planets at the
closest orbital distances. With decreasing planet radius,
P0 increases and " decreases, shifting the cuto! period
outward and making the transition less sharp. Thus,
gas giant planets (Rp = 8–32 R") on average migrate
closer to their host stars (P0 is small) and the stopping
mechanism is abrupt (" is large). On the other hand,
the smallest planets in our study have a distribution of
orbital distances (and periods) with a characteristic stop-
ping distance farther out and a less abrupt fall-o! close-
in.
The normalization constant kP is highly correlated

with the other parameters of equation (8). A more ro-
bust normalization is provided by the requirement that
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Fig. 7.— Measured planet occurrence (filled circles) as a func-
tion of orbital period with best-fit models (solid curves) overlaid.
These models are power laws with exponential cuto!s below a char-
acteristic period, P0 (see text and equation 8). P0 increases with
decreasing planet radius, suggesting that the migration and park-
ing mechanism that deposits planets close-in depends on planet
radius. Colors correspond to the same ranges of radii as in Figure
6. The occurrence measurements (filled circles) are the same as in
Figure 6, however for clarity the 2–32 R! measurements and fit
are excluded here. As before, only stars in the solar subset (Table
1) and planets with Rp > 2 R! were used to compute occurrence.

the integrated occurrence to P = 50 days is given in
Table 4.

4. STELLAR EFFECTIVE TEMPERATURE

4.1. Planet Occurrence

In the previous section we considered only GK stars
with properties consistent with those listed in Table 1.
In particular, only stars with Te! = 4100–6100 K were
used to compute planet occurrence. Here we expand this
range to 3600–7100 K and measure occurrence as a func-
tion of Te! . This expanded set includes stars as cool as
M0 and as hot as F2. For Te! outside of this range there
are too few stars to compute occurrence with reasonable
errors. We use the same cuts on brightness (Kp < 15)
and gravity (log g = 4.0–4.9) as before. We also used the
photometric noise #CDPP values (as before) to compute
the fraction of target stars around which each detected
planet could have been detected with SNR$ 10. This en-
sures that planet detectability down to sizes of 2 R" will
be close to 100%, for all of these included target stars
independent of their Te! .
We computed planet occurrence using the same tech-

niques as in the previous section, namely equation (2).
We subdivided the stars and their associated planets into
500 K bins of Te! . We further subdivided the sample by
planet radius, considering di!erent ranges of Rp (2–4, 4–
8, 8–32, and 2–32 R") separately. In summary, we com-
puted planet occurrence as a function of Te! for several
ranges of Rp and in all cases we considered all planets
with P < 50 days.
Figure 8 shows these occurrence measurements as a

function of Te! . Most strikingly, occurrence is inversely
correlated with Te! for small planets with Rp = 2–4 R".
Fitting the occurrence of these small planets in the Te!
bins shown in Figure 8, we find that a model linear in

Cut off below P0:   
-small radii 2-4 Re: P0 = 7 days
-large radii >4 Re   : P0 = 2 days.

Neptunian and smaller sized further out. 
Consistent with earlier results from high 
precision RV. Lovis et al. 2009 estimated 10 
days.
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rate, and M! is the stellar mass. We employ the same scaling law as used in Armitage & Clarke

(1996) to specify the strength of stellar magnetic field:

B! = B0

!

4days

2!/!!

"

, (2)

where the scaling factor B0 is a constant indicative of the surface magnetic strength for the stellar

spin period of 4 days.

The magnetospheric radius Rmdisk is determined by the balance between the stellar magnetic

stress and the disk Reynolds stress (Starczewski et al. 2007, and references therein):

Rmdisk = "

#

B4
!R

12
!

GM!Ṁ2
disk

$1/7

, (3)

where Ṁdisk is the disk accretion rate and " is a dimensionless factor of order unity. For a star with

an aligned dipole field, 0.5 ! " ! 1.0. In addition, the mass transfer rate throughout the disk is

assumed to be comparable to an observational inferred accretion rate from protostellar disks onto

CTTSs, which decays with time t over the timescale " 107 years and can be fitted by

Ṁdisk = 10"4 M#

yr

!

t

107yr

""3/2

, (4)

where M# is the Earth mass (Ida & Lin 2004).

The equation for the spin evolution of the protostar is then given by

d!!

dt
= #

1

I!
(İ!!! # Tdisk). (5)

In the above equation, İ! is the moment inertia of the CCTS and Tdisk = Tmag + Tacc is the net

torque arising from the presence of the disk, where Tacc is the torque spinning up the star due to

the disk accretion:

Tacc = ṀdiskR
2
mdisk!disk, (6)

with !disk being the Keplerian angular speed at the radius Rmdisk (Armitage & Clarke 1996;

Matt & Pudritz 2005). R! and İ! are obtained from the interior structure of the contracting

CTTS modeled by Armitage & Clarke (1996), who modified the Eggleton code (Pols et al. 1995)

for the pre-main sequence evolution.

When the star rotates faster than the inner edge of the disk (i.e. !! > !disk), the mass

accreting onto the star should be ceased by the centrifugal force and Tacc is therefore set to be zero

in our model. Meanwhile, the star experiences immediate magnetic braking as a result of its strong

fields, leading to disk locking of the stellar spin. Disk locking makes the star and the inner disk edge

Possible explanation: difference in stopping 
mechanism for disk migration of giant and low 
mass planets.

free falling material in the funnel flow eventually hits the

stellar surface, accretion shocks develop near the magnetic

poles. The basic concept of magnetospheric accretion in T

Tauri stars is illustrated in Figure 1.

The successes and limits of current magnetospheric ac-

cretion models in accounting for the observed properties of

classical T Tauri systems are reviewed in the next sections.

Sect. 2 summarizes the current status ofmagnetic field mea-

surements in young stars, Sect. 3 provides an account of

current radiative transfer models developed to reproduce the

observed line profiles thought to form at least in part in ac-

cretion funnel flows, Sect. 4 reviews current observational

evidence for a highly dynamical magnetospheric accretion

process in CTTSs, and Sect. 5 describes the most recent 2D

and 3D numerical simulations of time dependent star-disk

magnetic interaction.

Fig. 1.— A sketch of the basic concept of magnetospheric

accretion in T Tauri stars (from Camenzind, 1990).

2. MAGNETIC FIELD MEASUREMENTS

2.1. Theoretical Expectations for T Tauri Magnetic

Fields

While the interaction of a stellar magnetic field with an

accretion disk is potentially very complicated (e.g., Ghosh

and Lamb, 1979a,b), we present here some results from the

leading treatments applied to young stars.

The theoretical idea behind magnetospheric accretion is

that the ram pressure of the accreting material (Pram =
0.5!v2) will at some point be offset by the magnetic pres-

sure (PB = B2/8") for a sufficiently strong stellar field.
Where these two pressures are equal, if the accreting ma-

terial is sufficiently ionized, its motion will start to be con-

trolled by the stellar field. This point is usually referred to

as the truncation radius (RT ). If we consider the case of

spherical accretion, the magnetic field becomes

B2 =
Ṁv

r2
. (2.1)

If we then assume a dipolar stellar magnetic field where

B = B!(R!/r)3 and set the velocity of the accreting ma-
terial equal to the free-fall speed, the radius at which the

magnetic field pressure balances the ram pressure of the ac-

creting material is

RT

R!

=
B4/7

! R5/7
!

Ṁ2/7(2GM!)1/7
= 7.1B4/7

3 Ṁ"2/7

"8 M"1/7

0.5 R5/7

2 ,

(2.2)
whereB3 is the stellar field strength in kG, Ṁ"8 is the mass

accretion rate in units of 10"8 M# yr
"1,M0.5 is the stellar

mass in units of 0.5 M#, andR2 is the stellar radius in units

of 2 R#. Then, forB! = 1 kG and typical CTTS properties
(M! = 0.5 M#, R! = 2 R#, and Ṁ = 10"8 M# yr"1),

the truncation radius is about 7 stellar radii.

In the case of disk accretion, the coefficient above is

changed, but the scaling with the stellar and accretion pa-

rameters remains the same. In accretion disks around young

stars, the radial motion due to accretion is relatively low

while the Keplerian velocity due to the orbital motion is

only a factor of 21/2 lower than the free-fall velocity. The

low radial velocity of the disk means that the disk densities

are much higher than in the spherical case, so that the disk

ram pressure is higher than the ram pressure due to spheri-

cal free-fall accretion. As a result, the truncation radius will

move closer to the star. In this regard, equation 2.2 gives

an upper limit for the truncation radius. As we will dis-

cuss below, this may be problematic when we consider the

current observations of stellar magnetic fields. In the case

of disk accretion, another important point in the disk is the

corotation radius,RCO, where the Keplerian angular veloc-

ity is equal to the stellar angular velocity. Stellar field lines

which couple to the disk outside of RCO will act to slow

the rotation of the star down, while field lines which couple

to the disk inside RCO will act to spin the star up. Thus,

the value of RT relative to RCO is an important quantity

in determining whether the star speeds up or slows down

its rotation. For accretion onto the star to proceed, we have

the relation RT < RCO . This follows from the idea that at

the truncation radius and interior to that, the disk material

will be locked to the stellar field lines and will move at the

same angular velocity as the star. Outside RCO the stellar

angular velocity is greater than the Keplerian velocity, so

that any material there which becomes locked to the stellar

field will experience a centrifugal force that tries to fling the

material away from the star. Only inside RCO will the net

force allow the material to accrete onto the star.

Traditional magnetospheric accretion theories as applied

to stars (young stellar objects, white dwarfs, and pulsars)

suggest that the rotation rate of the central star will be set

by the Keplerian rotation rate in the disk near the point

where the disk is truncated by the stellar magnetic field

when the system is in equilibrium. Hence these theories

are often referred to as disk locking theories. For CTTSs,

we have a unique opportunity to test these theories since

all the variables of the problem (stellar mass, radius, rota-

tion rate, magnetic field, and disk accretion rate) are mea-

2

Camenzind 1999

magnetospheric cavity

Truncation radius

ca. 0.05 AU, but variable from star to star (magnetic field)
 and in time (disk accretion rate).

disk
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6 M O D E L L I N G T H E M I G R AT I O N R AT E

It seems quite logical that, when the planet opens a clean gap, its
migration follows a proper type II regime. With a Jupiter mass planet
and a disc aspect ratio of 0.05, this happens for R > 105 (see Figs 1
and 2).

However, for smaller Reynolds numbers, the gap is not com-
pletely gasproof. The gas in the gap has two major consequences:
(i) it partially sustains the outer disc, effectively reducing the torque
felt by the planet from the outer disc; (ii) it exerts a corotation torque
on to the planet. The possibility of gas flowing through the gap de-
couples the planet from the gas evolution.

In this section we show with a simple model that taking into
account these effects allows us to explain the evolution of the planet
as a function of the various parameters. Our model is based on
previous works on the corotation torque (Masset 2001), the viscous
evolution of accretion discs (LP74) and the shape of gaps (Crida
et al. 2006).

6.1 Classical type II torque

In an accretion disc, the viscous stress is such that angular momen-
tum flows outward while matter falls on to the star. In a Keplerian,
circular disc with ! and " independent of the radius, the torque
exerted by the part of the disc extending from a given radius r0 to
infinity on the inner part {r < r0} is T! = !3!"!r0

2#0 (it can
be easily found from the strain tensor). It causes a mass flow of
gas F, carrying the equivalent angular momentum: T! = Fr0

2#0 =
(2!r0"vr) r0

2#0, where vr is the radial velocity of the gas. In this
model vr = !(3/2)(!/r0), which can also be found from the Navier–
Stokes equations. This gives the following equality, which we will
use further:

! = !2vr

3
r0. (5)

If a planet opens a deep gap in such a disc, no gas flow is allowed
through the planetary orbit. The outer disc is maintained outside
of the gap by the planet, and an equilibrium is reached so that the
planetary torque balances T! . Consequently, the planet feels from
the outer disc the torque T! . This torque is proportional to the vis-
cosity and not to the planet mass. This is the case of standard type
II migration.

In a more realistic, viscously evolving disc, the scheme for type
II migration is the same, but the above formula for T! is no longer
valid. In that case, the equations of LP74 provide the density, the
viscous torque and the radial velocity as a function of radius and
time. In our case of a disc with Rinf > 0, it gives

T! = 3!!"0T !5/4 (h ! hinf) exp

!
!ar 2

T

"
, (6)

"LP74 = T!

3!!
"

r
, (7)

F = !"T!

"h
, (8)

vr = F
2!r"LP74

, (9)

where h = r 2# =
"

r is the specific angular momentum. Notice
that equation (6) is exactly equation (25) in LP74, while equation (7)
is equivalent to equation (2).

Thus, in standard type II migration, we consider that the planet
feels from the disc a torque

TII = Fh = 2!r+"LP74(r+)vr(r+)
"

r+, (10)

where r+ = rp + xs is the radius of the external edge of the gap, and
"LP74 and vr come from equations (7) and (9), respectively.

6.2 Torque exerted on the outer disc by the gas in the gap

The gas in the gap, the density of which is denoted "gap, exerts on the
outer disc a positive viscous torque T(i) that is given by equation (10),
with "gap instead of "LP74 and the opposite sign. This torque par-
tially sustains the outer disc, and therefore needs to be subtracted
from the torque that the planet would suffer from the outer disc if
the gap were clean (given by equation 10). So, denoting by f the
ratio "gap/"LP74 we have

T(i) = ! f TII. (11)

We now discuss how to evaluate f in practice. We have presented
in Section 5 a way to compute semi-analytically the gap profile and
the gap depth. However, making a step-by-step integration until the
bottom of the gap it is not very convenient. Consequently, we looked
for a simple empirical formula for the gap depth as a function of
the viscosity, the aspect ratio of the disc and the planet mass. Crida
et al. (2006) showed that the density inside the gap is less than
10 per cent of the unperturbed value (i.e. f < 0.1) if and only if

P = 3
4

H
RH

+ 50
qR

! 1. (12)

Using equation (3), we have computed the depth of the gap for
various values of the parameter P . For each value of P , we impose
q = 10!3 and H/r = 0.05, and find the corresponding viscosity.
Then, we use these parameters in equation (3); the obtained gap
depth is shown as big dots in Fig. 8. We repeat the same operation
for q ranging from 5 # 10!4 to 2 # 10!3; the results are reported
as crosses in Fig. 8. Furthermore, we impose q = 10!3 and ! =
0, and find the corresponding H/r and the resulting gap depth. We
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Figure 8. Gap depth (measured as ratio of the gap surface density to the
unperturbed density at r = rp + 2RH) as a function of P . The data points for
each value of P are obtained from the integration of equation (3), assuming
different values of ! and H/r and keeping q = 10!3 (points) or different
values of ! and q and keeping H/r = 0.05 (crosses); the big dots correspond
to the gap depths obtained for different values of ! and keeping both H/r
= 0.05 and q = 10!3 (see text for a more precise description of the sets of
measures). The bold line is an approximate fit of the data.
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FIG. 7.ÈContour of the surface density perturbation excited by the
corotation resonance. The surface density perturbation is normalized in
the same way as Fig. 6, but the di†erence in the normalized surface density
between two lines is 0.01 in this !gure.

course, is also positive. Though the e†ect of the pres-!LT,n(d)
sure gradient in three-dimensional disks is qualitatively
similar to two-dimensional disks, this e†ect in three-
dimensional disks is much weaker than that in two-
dimensional disks. Even the summed value of over n is!LT,n(d)
as small as 24% of of the two-dimensional disk. This!LT(d)
ine†ectiveness in three-dimensional disks can be explained
by the vertical averaging e†ect on the planet potential. In
three-dimensional disks, as described in ° 4.3, the vertical
averaging of the planet potential makes Lindblad reso-

nances weak and is more e†ective for the closer Lindblad
resonances. Though the pressure gradient shifts the outer
Lindblad resonances closer to the planet, this shift also
makes the vertical averaging more e†ective. As a result, the
torque does not become so strong in three-dimensional
disks. It should be also noted that in three-dimensional
disks the pressure gradient itself is larger than that in the
two-dimensional disk (because of the scale height variation).
In isothermal disks, d \ a ] 3/2 for the three-dimensional
case and d \ a for the two-dimensional case.

The e†ect of scale height variation is a purely three-
dimensional e†ect. In three-dimensional disks with scale
height variation, as stated in ° 2.6, it is meaningless to
examine the Lindblad torque for each n because of the
exchange of the angular momentum between vertical modes
with di†erent n. Only the Lindblad torque summed over n is
well de!ned. If the scale height increases with r, this e†ect
decreases the di†erential torques, as shown in Table 2. As a
result of an increase in h with r, the vertical averaging is
more e†ective for outer Lindblad resonances than for the
inner ones. This makes outer Lindblad resonances weak
and decreases the di†erential torques.

The three asymmetric e†ects on the total corotation
torque, and are listed in Table 3. Since!CT,n(a) , !CT,n(d) , !CT,n(k) ,
the corotation torque is obtained from the solution around
corotation, is well de!ned for each n. For n \ 0, as!CT,n(k)
readily seen from equation (55), only has a nonzero!CT,0(a)
value, and it is given by The contribu-!CT,0(a) \ [2!CT,0(curv)/3.
tion from n [ 0 is small in all e†ects as well as in the curva-
ture e†ect.

From the above results, we can calculate the total di†er-
ential Lindblad torque and the total corotation torque in
general three-dimensional disks. Furthermore, combining
the Lindblad and corotation torques, we obtain the total
net torque on the disk, for three-dimensional disks!total,and two-dimensional disks as

!total(3D) \ (1.364 ] 0.541a)
AM

p
M

c

r
p
)

p
c
B2p

p
r
p
4 )

p
2 ,

!total(2D) \ (1.160 ] 2.828a)
AM

p
M

c

r
p
)

p
c
B2p

p
r
p
4 )

p
2 , (68)

where we substituted k \ 3/2, d \ 3/2 ] a for the three-
dimensional case and d \ a for the two-dimensional case.
Since the radial gradient of the surface density is usually
negative (i.e., a [ 0), the total net torque on the disk is
positive in most disk models. Then the planet migrates
inward as a result of the back-reaction. For disks with
uniform surface density (i.e., a \ 0), the total net torque is
larger in the three-dimensional disk than in the two-
dimensional disk. This is because a three-dimensional disk
with uniform surface density has a negative pressure gra-
dient due to the scale height variation. The a-dependence of
the total net torque in three-dimensional disks is much

TABLE 3

EFFECTS OF THE ASYMMETRIES ON THE COROTATION TORQUE

E†ect Torque Two-Dimensional Wave (n \ 0) Sum in Three-Dimensional Waves Total

Surface density gradient . . . . . . !CT(a) 0.632 5.2 ] 10~3 0.637
Pressure gradient . . . . . . . . . . . . . !CT(d) 0 2.7 ] 10~3 2.7 ] 10~3
Scale height variation . . . . . . . . !CT(k) 0 [2.74 ] 10~2 [2.74 ] 10~2

NOTE.ÈAll values are normalized by v~1!0.
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smaller than that in two-dimensional disks because of the
ine†ectiveness of the pressure gradient.

5. DISCUSSION

5.1. Orbital Migration of Planets due to the
Disk-Planet Interaction

As stated in ° 1, the radial migration of a planet due to the
disk-planet interaction is an important process in planet
formation. In the previous section we obtained the total
torque, exerted on a three-dimensional disk through!total,the disk-planet interaction. Since the total torque on a
planet has the opposite sign, the radial migration speed of
the planet, is given byr5

p
,

r5
p
\ L0

p
AdL

p
dr

p

B~1 \ [2r
p

!total
L

p
, (69)

where the angular momentum of the planet isL
pSince is usually positive, the migrationM

p
(GM

c
r
p
)1@2. !totalis inward. Then the timescale for (inward) planet migration,

is obtained byq \ r
p
/([r5

p
),

q \ (2.7 ] 1.1a)~1 M
c

M
p

M
c

p
p
r
p
2
A c

r
p
)

p

B2)
p
~1 . (70)

Equation (70) shows that the migration speed is proportion-
al to the planet mass and the disk surface density as in the
two-dimensional calculation (e.g., Ward 1986 ; KP93). The
migration time is longer than that in the two-dimensional
calculation by a factor of 2 or 3, which depends on a. Thus,
the planet migration is still very fast. For example, if we
consider an Earth-size planet around the Sun and a typical
low-mass protoplanetary disk model (or a solar nebula
model) with p \ 150(r/5AU)~3@2 g cm~2 and the tem-
perature T \ 130 K at 5 AU (Hayashi et al. 1985), the
inward migration time q is estimated as 8 ] 105 yr. This is
much shorter than the formation time of an Earth-size
planet at 5 AU in the standard theory and comparable to
that proposed by Tanaka & Ida (1999), who took account
of the acceleration of planet growth due to the migration.
There is a great possibility that the planet falls to the Sun
before growing to the critical mass for gas accretion, which
would make the formation of giant planets difficult. The
terrestrial planets might grow to the present mass after the
depletion of the solar nebular disk. Recently, it is reported
that the late formation stage of the terrestrial planets lasts
much longer than the lifetime of the solar nebula and that
the protoplanets are Mars-size when the depletion of the
solar nebula occurs (e.g., Chambers & Wetherill 1998 ;
Agnor, Canup, & Levison 1999). Assuming Mars-size
planets at 1 AU in the above nebula model, we obtain the
migration time as 1 ] 106 yr, which is comparable to or
smaller than the expected lifetime of the nebula (106È107 yr).
Hence, in formation of both terrestrial and giant planets,
the orbital migration plays an important roll.

5.2. Wave ReÑection at the Disk Edge
A source of torque asymmetry other than those so far

considered seems needed to account for the stability of giant
planet cores during their accretion. One possibility lies in a
relaxation of the nonreÑective boundary condition, equa-
tion (34). If the disk has a free outer boundary, at whichr

b
,

the waves reÑect, then the boundary condition

g
m

\ 0 (71)

is more appropriate ; this is similar to the requirement that
the pressure vanishes at the open end of an acoustical pipe.

To see how this a†ects the torque on the planet, consider
the two-dimensional case found from equation (21) by
setting n \ k \ 0. This time, however, the coefficients in
equation (21) are expanded to the lowest order in the new
coordinate where is the radius of thexL 4 (r [ rL)/rL, rLLindblad resonance at which (e.g., GT79), and weD(rL) \ 0
obtain

d2g
m

dxL2
[ 1

xL

dg
m

dxL
[ bxL g

m
\ (

m
xL

, (72)

where andb 4 [[(r3/c2)dD/dr]
rL

(
m

\ [rd/
p,m/dr

The above expansion is valid only] 2)/
p,m/() [ )

p
)]

rL
.

near the Lindblad resonance, but for simplicity we use
equation (72) far away from too. This simpli!cationrL,
would not change the essence of results obtained below. We
introduce a displacement-like variable f de!ned by g

m
\

The result can be integrated once to obtain AiryÏsdf/dxL.
equation and we !nd (Ward 1986)d2f/dxL2 ] bxL f \ [(

m
,

f \ n(
m

o b o2@3

]
CA

c ]P
0

m
Bi(m)dm

B
Ai(m) ]A1

3
[P

0

m
Ai(m)dm

B
Bi(m)

D
,

(73)

where Ai and Bi are Airy functions and m \
The constant c is determined by the[sgn (b) o b o 1@3xL.

boundary conditions. Using asymptotic forms for Airy
functions, the downstream form of f approaches

f ]
Jn(

m
2 o b o 2@3 o m o 1@4

G
(1 [ ic) exp

C
i
A2 o m o3@2

3
] n

4
BD

] (1 ] ic) exp
C[i

A2 o m o3@2
3

] n
4
BDH

(74)

on the wave side (m ] [O). Pure outward traveling waves
(nonreÑecting boundary condition) require c \ i sgn (b).
External resonances have sgn (b) \ 1, and

f \ Jn(
m

o b o 2@3 o m o 1@4 exp
C

i
A2 o m o3@2

3
] n

4
BD

. (75)

However, if the waves impinge on a free edge, equation
(71) tells us that df/dm \ 0 at the boundary so thatm

b
,

c \ tan
A2

3
o m

b
o3@2 ] n

4
B

. (76)

Since c is real, we can rewrite

f \ Jn(
m

2 o b o2@3 o m o1@4 Mexp [2i( o m o 3@2 [ o m
b
o3@2)/3]

]exp [[2i( o m o3@2 [ o m
b
o3@2)/3]N

][cos (2 o m
b
o3@2/3 ] n/4)]~1

\ Jn(
m

o b o2@3 o m o1@4
cos [2( o m o3@2 [ o m

b
o3@2)/3]

cos (2 o m
b
o3@2/3 ] n/4)

. (77)

The !rst expression reveals two waves, one traveling
outward and the other traveling inward ; both carry the

Tanaka et al. 2002

Inner cavity is a strong stopping mechanism for low 
mass planets migrating in type I, but not for massive 
ones in type II. cf. Masset et al. 2006

Weak B

Strong B 
cavity at 0.1 AU



3.3  Low mass close-in planets are 
in multiple systems (rv, transits).



•HD10180 (Lovis et al. 2011), Kepler-11 (Lissauer et al. 2011)

Close-in multiple planet system

HD10180 a[AU] Msini

(b) 0.02 1.4

c 0.06 13.2

d 0.13 11.9

e 0.27 25.4

f 0.49 23.6

g 1.4 21.4

h 3.4 65.3

•Eccentricities 0-0.15
•Solar like star Fe/H=0.08, M=1.06 Msun
•Some period ratios are fairly close to integer or 
half-integer values, but no mean-motion 
resonances.
•Roughly regularly spaced on a logarithmic scale

Kepler-11 a[AU] Msini

b 0.09 4.3

c 0.11 13.5

d 0.15 6.1

e 0.19 8.4

f 0.25 2.3

g 0.46 <300

•all within i 1.5 deg. Very complanar. 
•Solar like star Fe/H=0, M=0.95 Msun
•b, c close to 5:4 resonance, but 
otherwise not in resonances.
•Low densities
•Dynamically packed



Architectures of KEPLER systems
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Fig. 6.— Cumulative fraction of neighboring planet pairs for Kepler candidate multiplanet systems

with period ratio exceeding the value specified (solid curve). The cumulative fraction for neigh-

boring pairs in multiplanet systems detected via radial velocity is also shown (dashed curve), and

includes data from exoplanets.org as of 29 January 2011. (a) Linear horizontal axis, as in Figure 5.

The data are normalized for the number of adjacent pairs with P < 5, which equals 207 for the

Kepler candidates and 28 for RV planets. (b) Logarithmic horizontal axis. All 238 Kepler pairs are

shown; the three RV pairs with P > 200 are omitted from the plot, but used for the calculation of

Ntot, which is equal to 61.
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Fig. 7.— Slope of the cumulative fraction ofKepler neighboring planet pairs (solid black curve) and

multiplanet systems detected via radial velocity (dashed red curve) with period ratio exceeding the

value specified. The slope for theKepler curve was computed by taking the di!erence in period ratio

between points with N di!ering by 4 and dividing by 4. The slope for the RV curve was computed

by taking the di!erence in period ratio between points with N di!ering by 3 and dividing by 3,

and then normalizing by multiplying the value by the ratio of the number of Kepler pairings to

the number of radial velocity pairings (3.9). The spikes show excess planets piling up near period

commensurabilities.

•The distribution of observed period ratios shows 
that the majority of candidate pairs are neither in nor 
near low-order mean motion resonances.

•Nonetheless, there is a small but statistically 
significant excesses of pairs both in resonance and 
spaced slightly further apart, particularly near 2:1. 

Lissauer et al. 2011

•About 3-5% of the KEPLER stars have a system with 
a mean number of 3 small planets (R 1.5 to 6 Rearth, 
P<125 d).



Formation scenario I
•Protoplanets grow to the 
isolation mass (Mars mass).
•Migrate inwards in resonant 
convoys.
•Get to inner disk edge, 
migration stalled. 
•After disk depletion, start of 
eccentricity excitation.
•Giant impacts until long term 
stability. Resonances destroyed.
•Final Masses 1-10 Mearth,Ecc. 
0.01-0.1 (Earth current 0.017).
•No primordial H2/He 
envelopes (Mars mass planets 
cannot accrete gas, and final 
masses reached only after disk 
dispersal).

Ida & Lin 2010, Ogihara et al. 2010

Formation

Final situation

– 45 –

Fig. 4.— Time evolution of semimajor axes of all embryos is plotted in the bottom panel. The

asymptotic (at 1 Gyr) eccentricities and masses of all “final” planets are plotted in the top and

middle panels. In this model, we set fd = 2. We also assume the presence of a disk cavity is

su!cient to stall the inward migration of all embryos in the proximity of their host stars.
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Fig. 4.— Time evolution of semimajor axes of all embryos is plotted in the bottom panel. The

asymptotic (at 1 Gyr) eccentricities and masses of all “final” planets are plotted in the top and

middle panels. In this model, we set fd = 2. We also assume the presence of a disk cavity is

su!cient to stall the inward migration of all embryos in the proximity of their host stars.

Final situation



Formation scenario II

•Again, different migration rates because of different masses 
& distances lead to capture in MMR.
•As the cores migrate inside the disk inner edge, scatterings 
and mergers of planets on unstable orbits, together with 
orbital circularization, causes strict commensurability to be 
lost. Near commensurability however is usually maintained.
•In this scenario, H2/He rich atmospheres possible, as planets 
reach final masses (except for giant imacts) during disk life. 

Lissauer et al. 2011

system, the largest planets with measured masses, Kepler-11d and
Kepler-11e, must contain large volumes of H, and low-mass planet
Kepler-11f probably does as well. Planets Kepler-11b and Kepler-11c
could be rich in ‘ices’ (probably in the fluid state, as in Uranus and
Neptune) and/or a H/He mixture. (The error bars on mass and radius
for Kepler-11b allow for the possibility of an iron-depleted nearly pure
silicate composition, butwe view this as highly unlikely on cosmogonic
grounds.) In terms of mass, all five of these planets must be primarily
composed of elements heavier than helium. Future atmospheric
characterization to distinguish between H-dominated or steam atmo-
spheres would tell us more about the planets’ bulk composition and
atmospheric stability26.
Planets Kepler-11b and Kepler-11c have the largest bulk densities

and would need the smallest mass fraction of hydrogen to fit their
radii. Using an energy-limited escapemodel27, we estimate a hydrogen
mass-loss rate of several times 109 g s21 for each of the five inner
planets, leading to the loss of ,0.1 Earth masses of hydrogen over
10Gyr. This is less than a factor of ten below total atmosphere loss for
several of the planets. The modelling of hydrogen escape for strongly
irradiated exoplanets is not yet well-constrained by observations28,29,
so larger escape rates are possible. This suggests the scenario that
planets Kepler-11b and Kepler-11c had larger H-dominated atmo-
spheres in the past and lost these atmospheres during an earlier era
when the planets had larger radii, lower bulk density, and a more
active primary star, which would all favour higher mass-loss rates.

The comparative planetary science permitted by the planets in
Kepler-11 system may allow for advances in understanding these
mass-loss processes.
The inner five observed planets of the Kepler-11 planetary system

are quite densely packed dynamically, in that significantly closer
orbits would not be stable for the billions of years that the star has
resided on the main sequence. The eccentricities of these planets are
small, and the inclinations very small. The planets are not locked into
low-order mean motion resonances.
Kepler-11 is a remarkable planetary system whose architecture and

dynamics provide clues to its formation. The significant light-gas
component of planets Kepler-11d, Kepler-11e and Kepler-11f imply
that at least these three bodies formed before the gaseous component
of their protoplanetary disk dispersed, probably taking no longer than
a few million years to grow to near their present masses. The small
eccentricities and inclinations of all five inner planets imply dissipa-
tion during the late stages of the formation/migration process, which
means that gas and/or numerous bodies much less massive than the
current planets were present. The lack of strong orbital resonances
argues against slow, convergentmigration of the planets, which would
lead to trapping in such configurations, although dissipative forces
could have moved the inner pair of planets out from the nearby 5:4
resonance30. In situ formationwould require amassive protoplanetary
disk of solids near the star and/or trapping of small solid bodies whose
orbits were decaying towards the star as a result of gas drag; it would
also require accretion of significant amounts of gas by hot small rocky
cores, which has not been demonstrated. (The temperature this close
to the growing star would have been too high for ices to have con-
densed.) The Kepler spacecraft is scheduled to continue to return data
on the Kepler-11 planetary system for the remainder of its mission,
and the longer temporal baseline afforded by these data will allow for
more accurate measurements of the planets and their interactions.

Received 13 December; accepted 20 December 2010.
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Figure 5 | Mass–radius relationship of small transiting planets, with Solar
System planets shown for comparison. Planets Kepler-11b to Kepler-11f are
represented by filled circles with 1s error bars, with their letters written above;
values and ranges are as given in Table 1. Other transiting extrasolar planets in
this size range are shown as open squares, representing, in order of ascending
radius, Kepler-10b, CoRoT-7b, GJ 1214b, Kepler-4b, GJ 436b andHAT-P-11b.
The triangles (labelledV, E,U andN) correspond toVenus, Earth,Neptune and
Uranus, respectively. The colours of the points show planetary temperatures
(measured for planets in our Solar System, computed mean planet-wide
equilibrium temperatures for Bond albedo5 0.2 for the extrasolar planets),
with values shown on the colour scale on the right. Using previously
implemented planetary structure and evolution models32,33, we plot mass–
radius curves for 8-Gyr-old planets, assuming Teff5 700K. The solid black
curve corresponds to models of planets with Earth-like rock-iron composition.
The higher dashed curve corresponds to 100% H2O, using the SESAME 7154
H2O equation of state. All other curves use a water or H2/He envelope on top of
the rock-iron core. The lower dashed curve is 50% H2O by mass, while the
dotted curves are H2/He envelopes that make up 2%, 6%, 10% and 20% of the
total mass. There is significant degeneracy in composition constrained only by
mass and radius measurements34. Planets Kepler-11d, Kepler-11e and Kepler-
11f appear to require a H2/He envelope, much like Uranus and Neptune, while
Kepler-11b and Kepler-11c may have H2O and/or H2/He envelopes. We note
that multi-component and mixed compositions (not shown above), including
rock/iron,H2O, andH2/He, are expected and lead to even greater degeneracy in
determining composition from mass and radius alone.
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•Kepler-11 d,e,f appear to require a 
H2/He envelope.
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Fig. 7.— The evolution of the semi–major axes (left panel) and the later evolution of the
eccentricity of the outermost planet (right panel) for run C3. In this case, the disk was

removed at time 1.32 ! 105 yr. Shortly after that time, two of the planets merged leaving a
system of five planets.
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Conclusions

• The discovery of a whole population of planets is providing 
important clues toward a better understanding of planet formation. 
    -crucial to understand migration, accretion, internal structure

• A comprehensive picture of planet formation is still beyond
   present capabilities:

- some key processes are identified, but models far from being complete

• Field still observationally driven but theory beginning to be able 
     -to make quantitative statements for many different observational techniques
      -to interpretate the detections
      -to make testable predictions
But observations will remain the necessary guideline for theory. 

• We have entered an era in which different observational techniques 
yield a huge wealth of observational data describing many different 
aspects of the architectures of planetary systems.
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